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MASSEY PRODUCTS, TORIC TOPOLOGY
AND COMBINATORICS OF POLYTOPES
VICTOR BUCHSTABER AND IVAN LIMONCHENKO
Abstract. In this paper we introduce a direct family of simple polytopes P 0 ⊂
P 1 ⊂ . . . such that for any 2 ≤ k ≤ n there are non-trivial strictly defined Massey
products of order k in the cohomology rings of their moment-angle manifolds ZPn .
We prove that the direct sequence of manifolds ∗ ⊂ S3 ↪→ . . . ↪→ ZPn ↪→ ZPn+1 ↪→
. . . has the following properties: every manifold ZPn is a retract of ZPn+1 , and one
has inverse sequences in cohomology (over n and k, where k →∞ as n→∞) of the
Massey products constructed. As an application we get that there are non-trivial
differentials dk, for arbitrarily large k as n → ∞ in Eilenberg–Moore spectral
sequence connecting the rings H∗(ΩX) and H∗(X) with coefficients in a field,
where X = ZPn .
Dedicated to the memory of Professor Evgeniy S. Golod (1935-2018)
1. Introduction
In the paper [48] of Golod (1962), Massey products were used to formulate a
necessary and sufficient condition for the Serre inequality for Poincare´ series of
local rings to become an equality. This motivated the notions of a Golod ring and
a Golod simplicial complex that currently attract much interest in combinatorial
commutative algebra and toric topology. A number of questions arising in algebraic
topology, homological algebra, and symplectic geometry lead us to the problem of
nontriviality of Massey products.
Massey products were defined in the 1950s, and since that time they have been
studied intensively in algebraic topology [74, 75, 77, 66, 80]. Some important prob-
lems of rational homotopy theory, homological algebra, group theory, knot theory
and other areas of mathematics can be stated in terms of them.
For example, the existence of a non-trivial (matric) Massey product of order k ≥ 3
in the (singular) cohomology ring H∗(X;Q) is an obstruction to the rational formal-
ity of a topological space X, see [4, Theorem 4]. A well-known classical result [39]
states that any compact Ka¨hler manifold is formal (over a field).
Applying Gromov’s embedding theorem for symplectic manifolds, Babenko and
Taimanov [4], using the result that nontriviality of Massey products is preserved un-
der symplectic blow-up procedure, obtained examples of simply connected symplec-
tic manifolds with non-trivial Massey products in cohomology. Non-formal manifolds
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2 VICTOR BUCHSTABER AND IVAN LIMONCHENKO
having non-trivial Massey products in cohomology were also studied in the frame-
work of symplectic geometry and topology [93, 88], homotopy theory of coordinate
subspace arrangements and toric topology [8, 40].
The paper of Davis and Januszkiewicz [38] was devoted to introducing a topo-
logical analogue of algebraic nonsingular toric varieties. They suggested axiomatics,
which allowed them to construct a model being a 2n-dimensional smooth manifold
with a compact torus action satisfying these axioms. Toric topology emerged from
the papers of Buchstaber and Panov [29], based on the seminal paper [38].
In toric topology, with any (abstract) simplicial complex K on the set of vertices
[m] = {1, 2, . . . ,m} one can associate its moment-angle complex ZK . The key object
of the approach by Buchstaber and Panov appeared to be a moment-angle complex.
Their crucial observation was that to any simplicial complex K we can associate
a moment-angle complex ZK in such a way that this correspondence is functorial.
In this approach, a topological counterpart of a toric variety arised as a quotient
space of a moment-angle manifold over a maximal freely acting compact torus sub-
group. These manifolds were later called quasitoric and they satisfied the Davis and
Januszkiewicz axiomatics. It was essential for the Buchstaber and Panov approach
that when K is a polytopal sphere its moment-angle complex ZK is a manifold and
the above functorial correspondence K → ZK respects the Poincare´ duality.
The idea of a moment-angle complex turned out to be closely related to the ideas
of many constructions from homotopy theory and lead to the notion of a polyhedral
product. The development of the general theory of polyhedral products was initiated
in the paper of Bahri, Bendersky, Cohen, and Gitler [5].
The main topological and algebraic invariants of ZK are its homotopy type,
the cohomology ring H∗(ZK ; k), and the bigraded (or, algebraic) Betti numbers
β−i,2j(k[K]), 0 ≤ i, j ≤ m, of the corresponding Stanley–Reisner ring (the face
ring) k[K], where k is a ring with identity. The ring H∗(ZK ; k) was described
by Buchstaber and Panov [31], Theorem 4.5.4, as the (multigraded) Tor-algebra
Tor∗,∗k[v1,...,vm](k[K], k) of the Stanley–Reisner ring k[K] = k[v1, . . . , vm]/I of the cor-
responding simplicial complex K. Bigraded Betti numbers are the ranks of the bi-
graded components of the Tor-algebra mentioned above. Their computation for vari-
ous classes of face rings k[K] is an important problem of combinatorial commutative
algebra (monomial ring theory) [59].
Categorical methods based on the use of homotopy colimits in the model categories
of topological monoids and differential algebras [83, 82] enabled Panov and Ray [82]
to obtain explicit homotopy decompositions, see [31, Proposition 8.1.1], for moment-
angle complexes and other toric spaces. Applying Sullivan – de Rham functor of
rational PL-forms APL, this implies toric and quasitoric manifolds are formal in the
sense of rational homotopy theory.
Bahri, Bendersky, Cohen, and Gitler [5] showed that after one suspension a wide
class of polyhedral products over a simplicial complex K, including (real) moment-
angle complexes, have a homotopy decomposition into wedges of suspensions over full
subcomplexes inK. In combination with the constructions and technics of [53, 61, 56]
this constitutes a powerful method to obtain explicit homotopy decompositions for
polyhedral products.
Baskakov [8] constructed the first example of a non-formal moment-angle com-
plex. He introduced a class of triangulated spheres K for which the corresponding
moment-angle manifolds ZK have non-trivial triple Massey products in cohomology.
MASSEY PRODUCTS 3
Generalizing Baskakov’s results, Denham and Suciu [40] asserted that a non-trivial
triple Massey product of 3-dimensional classes in the cohomology ring H∗(ZK) ex-
ists if and only if the 1-skeleton sk 1(K) contains an induced subgraph on 6 vertices
isomorphic to one of the five graphs explicitly described in their paper. Later, Grbic´
and Linton [51] corrected this result: they found one additional graph, which also
realizes a non-trivial strictly defined triple Massey product of 3-dimensional classes.
Therefore, there are six obstruction graphs that give one the possibility to realize
such a Massey product in cohomology of a moment-angle complex.
Using this criterion, Limonchenko [70, 71] obtained necessary and sufficient con-
ditions for a non-trivial triple Massey product to exist in H∗(ZP ), where P = PΓ is
a graph-associahedron. It was proved by Zhuravleva [94] that there is a non-trivial
triple Massey product in H∗(ZP ) for any Pogorelov polytope P . The latter class
consists of all 3-dimensional flag polytopes without 4-belts of facets (in particular,
it contains all fullerenes, see [21]) and coincides with the class of polytopes hav-
ing a (unique, up to isometry) right-angled realization in the Lobachevsky space
L3 [85, 2, 21, 22].
Grbic´ and Linton [51] constructed the first example of a simplicial complex K such
that there exists a non-trivial triple Massey product of 3-dimensional classes with a
non-zero indeterminacy in H∗(ZK). Moreover, the main result of [51] is a criterion of
existence of a non-trivial triple Massey product of 3-dimensional cohomology classes
for a moment-angle complex. Note that in the case of graphs of [40] there is a single
valued Massey product defined on certain triples of elements of H3(ZK) and taking
its value in H8(ZK). Grbic´ and Linton found two new graphs for which there is
a multivalued Massey product 〈α1, α2, α3〉 defined on certain triples of elements of
H3(ZK) and taking its values in H8(ZK); it is defined modulo sums of products
including either α1, or α3.
The first examples of polyhedral products with non-trivial n-fold Massey products
in cohomology for any n ≥ 4 were constructed by Limonchenko in [69, 70]. Note that
all the moment-angle manifolds appearing in [40, 69, 70, 94] in constructing non-
trivial Massey products in cohomology, were 2-connected. Later, in [71], sufficient
conditions for a strictly defined n-fold Massey product for any n ≥ 3 to exist were
formulated in terms of the vanishing of certain multigraded Betti numbers. These
conditions hold, in particular, for any of the non-trivial triple Massey products of
3-dimensional classes described in [40], Theorem 6.1.1. The proof that the n-fold
Massey product is strictly defined uses a multigraded structure ([71], Lemma 3.3).
The second author used this result to introduce in [71] a family of polytopes such
that their moment-angle manifolds may have arbitrarily large connectedness, and
non-trivial strictly defined Massey products of any prescribed order may exist in
their cohomology.
Recently, Grbic´ and Linton [52] showed that for any given n-tuple of simplicial
complexes there exists a simplicial complex K, obtained by performing a sequence
of stellar subdivisions on their join, such that there is a nontrivial n-fold Massey
product in H∗(ZK). Their construction is a natural generalization of both the con-
structions due to Baskakov [8] and Limonchenko [69]. On the other hand, it was
also proved in [52] that if a series of certain combinatorial operations performed on
a simplicial complex K (namely, edge contractions for edges that satisfy the so called
“link condition”) leads to a simplicial complex K˜ with a property that H∗(ZK˜) has
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a nontrivial n-fold Massey product of cohomology classes defined on induced sub-
complexes in K˜ (see Theorem 2.15), then the initial simplicial complex K had the
same property itself.
Note that in our constructions below all non-trivial higher Massey products are
strictly defined. Based on our results and following the constructions of [52] one can
obtain new families of polytopes with non-trivial Massey products or prove that a
given simplicial complex K has a moment-angle complex with a non-trivial triple or
higher Massey product in cohomology. We decided to keep the Problem 5.32, which
was formulated before [52] appeared. Now, we can say that using the results of [52,
Proposition 4.2] we immediately obtain the solution of Problem 5.32.
One of the important applications of Massey products in algebra is the theory of
Golod rings and their generalizations, which is now actively developing within the
framework of homological algebra, toric topology, and combinatorial commutative
algebra.
Let A be a Noetherian commutative local ring and let k = A/I, where I is the
unique maximal ideal of A. The Poincare´ series P (A; t) of A is defined to be the
Hilbert series of the graded k-module TorA(k,k). In the early 1960s the following
inequality was discussed in the literature:
P (A; t) ≤ (1 + t)
m
1−∑
i≥0
citi+1
,
Here m is equal to the number of elements in a minimal system of generators of the
maximal ideal of the ring A, and the ci are the ranks of the homology groups of its
Koszul complex. In [48] it was refered to as Serre inequality.
The main result of the paper of Golod [48] is a necessary and sufficient condi-
tion for the Serre inequality to become an equality. This condition says that the
multiplication and all the Massey products, triple and higher, vanish in the Koszul
homology of A. Such rings were named Golod ring in the monograph of Gulliksen
and Levin [57].
The Koszul homology of the Stanley–Reisner ring k[K] coincides with its Tor-
algebra Tor∗,∗k[v1,...,vm](k[K], k). Thus, thanks to a theorem of Buchstaber and Panov,
the Golod property acquired a topological interpretation in toric topology: it is
equivalent to the triviality of the multiplication and all the Massey products, triple
and higher, in H+(ZK ; k). In toric topology, simplicial complexes whose Stanley–
Reisner rings are Golod over any field, are said to be Golod, cf. [31, Definition 4.9.5].
In the framework of toric topology, Grbic´ and Theriault [53, 54, 55], Iriye and
Kishimoto [61, 62], Grbic´, Theriault, Panov, and Wu [56], and others considered a
wide class of simplicial complexes well-known in combinatorics (shifted, shellable,
totally fillable, dual sequentially Cohen-Macaulay). They proved the moment-angle
complexes of the simplicial complexes in the above classes to be homotopy equivalent
to wedges of spheres, and therefore, these simplicial complexes are Golod. As a
counterexample to an earlier claim in [11], Kattha¨n [65] constructed the first example
of a non-Golod Stanley–Reisner ring with trivial multiplication in its Tor-algebra.
In [11], Berglund and Jo¨llenbeck introduced the notion of a minimally non-Golod
Stanley–Reisner ring (resp., simplicial complex). This means that K is not a Golod
complex itself, but deleting any vertex from K results in a Golod complex.
Bosio–Meersemann [13], Lopez de Medrano [73] and Gitler–Lopez de Medrano [47]
considered a wide class of moment-angle manifolds being diffeomorphic to connected
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sums of manifolds each of which is a product of two spheres. For the corresponding
classes of simple polytopes P , Limonchenko found necessary and sufficient conditions
for minimal non-Golodness of their Stanley–Reisner rings k[P ] (over any field k).
This includes the cases when P is a generalized truncation polytope [67, Theorem
3.2], a dual even-dimensional neighbourly polytope [67, Proposition 3.6], or an n-
dimensional simple polytope with m ≤ n+ 3 facets [68, Theorem 3.5(c)].
As pointed out by Buchstaber and Panov, when K is a polytopal sphere the
moment-angle complex ZK has a canonical smooth structure as a complete (non-
singular) intersection of Hermitian quadrics in Cn. Bosio and Meersemann [13] in-
troduced a notion of a 2-link and showed that ZP or ZP × S1 has a structure of
a complex manifold. Therefore, thanks to the results on nontriviality of Massey
products in cohomology of moment-angle manifolds, complex geometry obtained a
new huge class of complex non-Ka¨hler manifolds with zero integral 2-dimensional
cohomology groups.
Finally, we would like to draw attention to a relation between the theory of Golod
rings and the theory of Lusternik–Schnirelmann category (cat(·)) and theory of
cohomology length (cup(·)) for topological spaces, see [56, 10].
Significant progress has recently been achieved in the problem of finding alge-
braic and combinatorial conditions under which the moment-angle complex ZK is
homotopy equivalent to a wedge of spheres (condition (I)), or to a connected sum of
manifolds, each of which is a product of two spheres (condition (II)). In particular,
it was shown in [56] that for flag complexes K condition (I) is equivalent to the
Golodness of the face ring k[K] and also to the chordality of the graph sk 1(K), but
condition (II) is equivalent to minimal non-Golodness of k[K] and also to K being
a boundary of an m-gon with m ≥ 4.
The results described above convince us that, in general, they should be replaced
by topological conditions: (I) by the condition cat(ZK) = 1, and (II) by the condition
cat(ZK) = 2. Our results on the invariant cat(X) and its relation to the Milnor
spectral sequence are given in §6.
This paper is an extended version of [26]. For our preprints in this direction,
see [27] and [28]. We construct a direct family PMas: P 0 ⊂ P 1 ⊂ . . . of simple
polytopes, where P n is a facet of P n+1, and prove that for every k, 2 ≤ k ≤ n, non-
trivial strictly defined k-fold Massey products exist in the cohomology rings of their
moment-angle-manifolds Mn = ZPn . It follows from general results of toric topology
that PMas provides us with a direct sequence of smooth manifolds ∗ ↪→ S3 ↪→ . . . ↪→
Mn ↪→ Mn+1 ↪→ . . ., where Mn is a smooth submanifold in Mn+1. We show that
every Mn is a retract of Mn+1 and, in the inverse sequence of the cohomology rings of
the manifolds Mn, one has inverse systems (over n and k, where k →∞ as n→∞)
of the constructed Massey products.
Note that a retraction pin+1 : Mn+1 → Mn can not be turned into a smooth map.
This follows from results of differential topology, Theorem 2.15, see Proposition 4.11.
It follows immediately that, for an infite-dimensional manifold M = lim−→Mn there
are non-trivial strictly defined Massey products of every order in lim←− H
∗(Mn). We
plan to study the properties of the filtration ZP 0 ⊂ ZP 1 ⊂ . . . ⊂ ZPn ⊂ . . . and
topology of the direct limit, M = ZP , in subsequent publications.
In the first part of this paper we discuss known constructions and methods of
toric topology and polytope theory. We also introduce the new ones, which we need
in the second part. We develop the theory of the differential ring of polytopes [19],
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compute the action of the boundary operator on the polytopes in our families (§4)
and introduce differential equations for the 2-parameter generating series of these
families.
We prove that polytopes in PMas are flag nestohedra, where P 0 is a point, P 1 is a
segment, P 2 is a square, and P n, n > 2, admits a non-trivial strictly defined Massey
product 〈α1, . . . , αk〉 in H∗(ZPn) with dimαi = 3, where 2 ≤ k ≤ n. We introduce
new notions in the theory of polytope families: complexity of a family, algebraic and
geometric direct families of polytopes, as well as a special direct family of polytopes
with non-trivial Massey products. In these new terms our main results says that the
family PMas is a special geometric direct family of polytopes of complexity 4 with
non-trivial Massey products.
In [33], a family of 2-truncated cubes was introduced and proved to contain a
number of famous polytope families arising in different areas of Mathematics. Our
sequence PMas belongs to this family (§5).
We introduce a family of smooth closed manifolds {Mn}, with a single manifold
for every n ≥ 2, such that cup(Mn) = cat(Mn) = n. For this sequence of manifolds
we show:
(1) the differentials dr, 1 ≤ r ≤ n − 1 in the Eilenberg–Moore spectral sequence
for Mn are non-trivial,
(2) the differentials dr, r ≥ n+ 1 in the Milnor spectral sequence for Mn vanish.
We give necessary details on the Milnor spectral sequence in §6.
In the last section we discuss results closely related to problems in which Massey
products play an important role, as well as problems in the theory of Massey prod-
ucts arising in topology, algebra and elsewhere.
We are grateful to Anthony Bahri, Nickolay Erokhovets, Jelena Grbic´ and Taras
Panov for many fruitful discussions during the course of this research.
2. Moment-angle manifolds: definitions and constructions
We start this section with the next basic notion.
Definition 2.1. An (abstract) simplicial complex K on the vertex set [m] =
{1, . . . ,m} is a subset in 2[m] such that if σ ∈ K and τ ⊆ σ, then τ ∈ K.
Elements of K are called its simplices and the maximal dimension of a simplex
σ ∈ K is the dimension of K and denoted by dimK = n − 1, where max |σ| = n.
Finally, for any subset of vertices I ⊂ [m] the subset of K that is equal to K ∩ 2I
is itself a simplicial complex (on the vertex set I). This complex is called a full
subcomplex in K (on I) and is denoted by KI .
We assume in what follows that there are no ghost vertices in K, that is, {i} ∈ K
holds for any 1 ≤ i ≤ m. A simplicial complex K is a partially ordered set with the
natural ordering by inclusion. Therefore K (and every full subcomplex KI , I ⊂ [m])
is determined by its maximal (by inclusion) simplices and dimK is equal to the
dimension of one of them. If all the maximal simplices in K have the same dimension,
then K is called a pure simplicial complex.
We use the following definition of a simple (convex) polytope.
Definition 2.2. A convex n-dimensional polytope P in Euclidean space Rn with
inner product 〈 , 〉 is a bounded intersection of m closed halfspaces, that is,
P =
{
x ∈ Rn : 〈a i,x 〉+ bi ≥ 0 for i = 1, . . . ,m
}
, (1)
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where a i ∈ Rn, bi ∈ R. Here we assume that facets of P ,
Fi =
{
x ∈ P : 〈a i,x 〉+ bi = 0
}
, for i = 1, . . . ,m.
are in general position and that there are no redundant inequalities above, that
is, none of the inequalities can be removed without changing the set of points P
(equivalently, there are no ghost vertices in KP = ∂P
∗). In particular, the latter
means that the polytope P is simple, that is, every vertex is the intersection of
exactly n facets.
Let P be an n-dimensional convex simple polytope with m facets F1, . . . , Fm. In
this paper, we are only interested in the structure of the partially ordered set of faces
(that is, the combinatorial equivalence class), rather than in a particular embedding
in the ambient Euclidean space Rn. In what follows we write P = Q when P and Q
are combinatorially equivalent.
Example 2.3. Consider the nerve of the (closed) covering of the boundary ∂P of a
polytope P by all its facets Fi, 1 ≤ i ≤ m. The resulting simplicial complex on the
vertex set [m] is called the nerve complex of P and denoted by KP . Note that the
geometric realization of KP coincides with the boundary of the simplicial polytope
P ∗ combinatorially dual to P . The nerve complex KP of a simple n-dimensional
polytope P is obviously a pure simplicial complex of dimension n− 1.
It is easy to see that a simplicial complex K can either be determined by all its
maximal simplices or by all its minimal non-faces, that is, the subsets I ∈ 2[m]\K
minimal by inclusion. It is obvious that I is a minimal non-face of K if and only
if I /∈ K and each of its proper subsets is a simplex in K. We denote the set of
minimal non-faces of K by MF(K). Thus, I ∈ MF(K) if and only if KI = ∂∆I .
Using MF(K), we can easily introduce on the set of simplicial complexes and simple
polytopes the next combinatorial operation originally used in the framework of toric
topology by Bahri, Bendersky, Cohen, and Gitler [7].
Construction 2.4. Let J = (j1, . . . , jm) be an ordered set of m positive integers.
Consider the following set of vertices:
m(J) = {11, . . . , 1j1, . . . ,m1, . . . ,mjm}.
In order to define a simplicial multiwedge (or, a J-construction) of K, which is
a simplicial complex K(J) on m(J), we say that its set of minimal non-faces
MF(K(J)) ⊂ 2[m(J)] consists of the subsets of m(J) of the following type
I(J) = {i11, . . . , i1ji1 , . . . , ik1, . . . , ikjik},
where I = {i1, . . . , ik} ∈ MF(K). Note that if J = (1, . . . , 1), then K(J) = K.
Example 2.5. Suppose K = KP is a polytopal sphere on m vertices, that is, a nerve
complex of an n-dimensional polytope with m facets. According to [7, Theorem 2.4],
its simplicial multiwedge K(J) is then a polytopal sphere for any vector J , and so it
is also a nerve complex of a certain simple polytope Q = P (J), and therefore KP (J) =
KP (J). If we denote d(J) = j1 + . . .+ jm, then it is easy to see that m(P (J)) = d(J)
and n(P (J)) = d(J) + n−m. Thus, the value m(P (J))− n(P (J)) = m(P )− n(P )
remains the same after applying a J-construction.
For the geometric description of the multiwedge operation on polytopes and its
applications we refer to [47].
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In what follows we shall denote by k a field of zero characteristic of the ring of
integers. Let k[v1, . . . , vm] be a graded polynomial algebra with m generators and
deg(vi) = 2.
Definition 2.6. By a Stanley–Reisner ring, or face ring of a simplicial complex K
(over k) we mean the quotient ring
k[K] = k[v1, . . . , vm]/I(K),
where I(K) is an ideal generated by square-free monomials of the type vi1 · · · vik such
that {i1, . . . , ik} ∈ MF(K). The monomial ideal I(K) is called the Stanley–Reisner
ideal of K. Observe that the natural projection gives k[K] a structure of a k-algebra
and that of a module over polynomial algebra k[v1, . . . , vm].
By a result of Bruns and Gubeladze [15], two simplicial complexes K1 and K2
are simplicially isomorphic if and only if their Stanley–Reisner rings are isomorphic.
Thus, k[K] is a complete combinatorial invariant of a simplicial complex K.
Definition 2.7. (1) A simplicial complex K is called flag if it coincides with the
clique complex ∆(Γ) of its graph Γ = sk 1(K), that is, for any subset of vertices
I ⊂ [m] which are pairwisely joint by edges in Γ, the corresponding full subcomplex
KI = ∆I . A simple polytope P is called flag, if its nerve complex KP is flag. (2)
A simplicial complex K is called q-connected (q ≥ 1) if KI = ∆I for any subset of
vertices I ⊂ [m] in K with |I| = q elements. Note that 1-connectedness is equivalent
to having no ghost vertices.
Remark 2.8. (1) K is a flag simplicial complex if and only if for any I ∈ MF(K)
one has |I| = 2, that is, I(K) is generated by monomials of degree 4. (2) K is a
q-connected simplicial complex if and only if for any I ∈ MF(K) one has |I| ≥ q+1.
The next class of toric spaces is a main object of study in toric topology. Let
(X,A) = {(Xi, Ai)}mi=1 be an ordered set of topological pairs. The case Xi = X,Ai =
A was firstly introduced in [29] as a K-power and was then intensively studied and
generalized in a series of more recent papers, among which are [5, 54, 61].
Definition 2.9. A polyhedral product over a simplicial complex K on the vertex set
[m] is a topological space
(X,A)K =
⋃
I∈K
(X,A)I ⊆
m∏
i=1
Xi,
where (X,A)I =
m∏
i=1
Yi and Yi = Xi if i ∈ I, and Yi = Ai if i /∈ I.
The term “polyhedral product” was suggested by Browder (cf. [5]).
Example 2.10. Suppose Xi = X and Ai = A for all 1 ≤ i ≤ m. Then the
next spaces are particular cases of the above construction of a polyhedral product
(X,A)K = (X,A)K .
(1) Moment-angle-complex ZK = (D2,S1)K ;
(2) Real moment-angle-complex RK = ([−1; 1], {−1, 1})K ;
(3) Davis–Januszkiewicz space DJ (K) ' (CP∞, ∗)K ;
(5) Cubical complex cc(K) = (I1, 1)K in the m-dimensional cube Im = [0, 1]m,
which is PL-homeomorphic to a cone over a barycentric subdivision of K.
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The next construction appeared firstly in the work of Davis and Januszkiewicz [38].
Construction 2.11. (Moment-angle manifolds I)
(1) Suppose P n is a simple polytope with a set of facets F(P n) = {F1, . . . , Fm}.
Denote by T Fi the corresponding 1-dimensional coordinate subgroup in the
m-dimensional torus TF ∼= Tm for each 1 ≤ i ≤ m and denote by TG =∏
T Fi ⊂ TF , where G = ∩Fi in the polytope P n. Then a moment-angle
manifold of P is defined to be a quotient space
ZP = TF × P n/ ∼,
where (t1, p) ∼ (t2, q) if and only is p = q ∈ P , t1t−12 ∈ TG(p), and G(p) is
a minimal, with respect to inclusion relation, face of P containing the point
p = q;
(2) Suppose P n is a simple polytope with a set of facets F(P n) = {F1, . . . , Fm}.
Denote by ZFi2 the corresponding 1-dimensional coordinate subgroup in the
m-dimensional real torus ZF2 ∼= Zm2 for each 1 ≤ i ≤ m and denote by
ZG2 =
∏
ZFi2 ⊂ ZF2 , where G = ∩Fi in the polytope P n. Then a real moment-
angle manifold of P is defined to be a quotient space
RP = ZF2 × P n/ ∼,
where (t1, p) ∼ (t2, q) if and only if p = q ∈ P , t1 − t2 ∈ ZG(p)2 , and G(p) is a
minimal, with respect to inclusion relation, face of P , containing the point
p = q.
Remark 2.12. By means of Construction 2.11 one can prove that if P1 and P2
are combinatorially equivalent, i.e, their face posets are isomorphic (or, equivalently,
KP1 and KP2 are simplicially isomorphic), then their moment-angle manifolds ZP1
and ZP2 are homeomorphic, as well as their real moment-angle manifolds RP1 and
RP2 . The opposite statement fails to be true already for the truncation polytopes
P = vck(∆n) for k ≥ 3, cf. [13].
Next we shall consider another, equivalent, construction which also leads to
moment-angle manifolds.
LetAP be anm×n-matrix with rows a i ∈ Rn, and let bP ∈ Rm be a vector-column
of numbers bi ∈ R. Then we can rewrite the inequalities in (1) in the following way
P =
{
x ∈ Rn : APx + bP ≥ 0},
and consider an affine map:
iP : Rn → Rm, iP (x ) = APx + bP .
This map, obviously, embeds the polytope P into the nonnegative ortant
Rm≥ = {y ∈ Rm : yi ≥ 0 for i = 1, . . . ,m}.
Moment-angle manifolds and complexes were studied in a series of works by Buch-
staber and Panov by means of algebraic topology, combinatorial commutative al-
gebra, and polytope theory. These investigations has led to the foundation of a
new area of geometry and topology, Toric Topology, see [30, 31]. In particular, they
introduced the following constrcution and proved it to be equivalent to the Constr-
cution 2.11.
Construction 2.13. (Moment-angle manifolds II)
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(1) Define a moment-angle manifold ZP of a polytope P as a pullback from the
following commutative diagram
ZP iZ−−−→ Cmy yµ
P
iP−−−→ Rm≥
where µ(z1, . . . , zm) = (|z1|2, . . . , |zm|2). The projection map ZP → P in the
above diagram is a quotient map of the canonical compact torus Tm action
on ZP , induced by the standard coordinatewise action
Tm = {z ∈ Cm : |zi| = 1 for i = 1, . . . ,m}
on Cm. Therefore, Tm acts on ZP with an orbit space P , and iZ is a Tm-
equivariant embedding;
(2) Define a real moment-angle manifold RP of a polytope P as a pullback from
the following commutative diagram
RP iR−−−→ Rmy yµ
P
iP−−−→ Rm≥
where µ(x1, . . . , xm) = (|x1|2, . . . , |xm|2). The projection map RP → P in
the above diagram is a quotient map of the canonical action of Zm2 on RP ,
induced by the standard coordinatewise action
Zm2 = {x ∈ Rm : |xi| = 1 for i = 1, . . . ,m}
on Rm. Therefore, Zm2 acts on RP with an orbit space P , and iR is a Zm2 -
equivariant embedding.
It follows immediately from the Construction 2.13, see [32, §3], that ZP is a
complete intersection of Hermitian quadrics in Cm, and RP is a nondegenrate inter-
section of real quadrics in Rm. Thus, ZP and RP both acquire canonical equivari-
ant smooth structures. For any simple n-dimensional polytope P with m facets, its
moment-angle manifold ZP will be a 2-connected closed (m+n)-dimensional smooth
manifold, and its real moment-angle manifold RP will be (non simply connected)
closed orientable n-dimensional manifold.
Remark 2.14. The following classical problem is well known: how many K-
invariant smooth structures are there on ZP , where K ∼= Tm−n is a maximal sub-
group in Tm, freely acting on ZP . This problem remains open. In the case P = ∆3
and K ∼= S1 (i.e., ZP = S7), it was solved in the work of Bogomolov [12].
The next properties of the previously defined polyhedral products hold.
• Suppose K = KP is a nerve complex of an n-dimensional simple polytope P
with m facets. In [29] canonical equivariant homemorphisms hP : ZP ∼= ZKP
and hRP : RP ∼= RKP were constructed;
• If K is q-connected, then ZK is a 2q-connected CW-complex;
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• One has a commutative diagram
ZK −−−→ (D2)myr yρ
cc(K)
ic−−−→ Im
where ic : cc(K) ↪→ Im = (I1, I1)[m] is an embedding of a cubical subcom-
plex, induced by an embedding of pairs: (I1, 1) ⊂ (I1, I1), the maps r and
ρ are projection maps on the orbit spaces of a torus Tm-action, induced by
coordinatewise action of Tm on the complex unitary polydisk (D2)m in Cm;
• One has a commutative diagram
RK −−−→ [−1; 1]myr yρ
cc(K)
ic−−−→ Im
where ic : cc(K) ↪→ Im = (I1, I1)[m] is an embedding of a cubical subcom-
plex, induced by an embedding of pairs: (I1, 1) ⊂ (I1, I1), the maps r and ρ
are projection maps on the orbit spaces of a group Zm2 -action, induced by a
coordinatewise action of Zm2 on the “big” cube [−1; 1]m;
• There is a homotopy fibration
X −−−→ ETmy piy
DJ (K)
p−−−→ BTm
where pi denotes the universal Tm-bundle, and the map p : DJ (K)→ BTm is
induced by the embedding of pairs (CP∞, ∗) ⊂ (CP∞,CP∞). Furthermore,
its homotopy fiber X ' ZK and the Davis–Januszkiewicz space DJ (K) =
ETm×Tm ZK is homotopy equivalent to the polyhedral product (CP∞, ∗)K .
Therefore, for the equivariant cohomology of moment-angle-complex ZK one
has:
H∗Tm(ZK) = H∗(DJ (K)) ∼= Z[K].
The details can be found in [31, Ch. 4,8].
Using the homotopy fibration defined above, Buchstaber and Panov [29] showed
that its Eilenberg–Moore spectral sequence, which converges to H∗(ZK , k) over a
field k, collapses in the E2-term. Moreover, in their joint paper with Baskakov [9]
they obtained the next result on the structure of the cohomology algebra of ZK with
coefficients in an arbitrary ring with unit k.
Theorem 2.15 ([31, Theorem 4.5.4]). The cohomology algebra of a moment-angle
complex ZK is given by isomorphisms
H∗,∗(ZK ; k) ∼= Tor∗,∗k[v1,...,vm](k[K], k)
∼= H∗[R(K), d]
∼=
⊕
I⊂[m]
H˜∗(KI ; k),
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in which bigrading and differential in cohomology of a differential (bi)graded algebra
are defined in the following way:
bideg ui = (−1, 2), bideg vi = (0, 2); dui = vi, dvi = 0
and R∗(K) = Λ[u1, . . . , um]⊗ k[K]/(v2i = uivi = 0, 1 ≤ i ≤ m). Here by H˜∗(KI) (in
what follows we drop k in the notations) we denoted reduced simplicial cohomology
of a simplicial complex KI . The last isomorphism above is a sum of isomorphisms
Hp(ZK) ∼=
∑
I⊂[m]
H˜p−|I|−1(KI).
In order to determine a product of two cohomology classes α = [a] ∈ H˜p(KI1) and
β = [b] ∈ H˜q(KI2), let us introduce an embedding of subsets i : KI1unionsqI2 → KI1 ∗KI2
and a canonical k-module isomorphism of cochains:
j : C˜p(KI1)⊗ C˜q(KI2)→ C˜p+q+1(KI1 ∗KI2).
Then a product of the classes α and β is given by:
α · β =
{
0, if I1 ∩ I2 6= ∅;
i∗[j(a⊗ b)] ∈ H˜p+q+1(KI1unionsqI2), if I1 ∩ I2 = ∅.
Additive structure of the Tor-algebra described in Theorem 2.15, can be computed
using the free Koszul resolution for k viewed as a k[m] = k[v1, . . . , vm]-module. Mul-
tiplicative structure can be obtained using the free Taylor resolution for k[K], viewed
as a k[m]-module. In general, the latter resolution will no longer be minimal, however
it can often be useful in combinatorial proofs. By Hochster theorem [60] we get that
the k-module structure on Tor∗,∗k[v1,...,vm](k[K], k)
∼= H∗(ZK ; k) is determined by all
the reduced simplicial cohomology groups of all full subcomplexes in K (including
∅ and the K itself).
We shall make use of the following multigraded version of Theorem 2.15. Indeed,
differential graded algebra R∗(K) has a natural multigrading and the next statement
holds.
Theorem 2.16 ([31, Construction 3.2.8, Theorem 3.2.9]). For any simplicial com-
plex K on the vertex set [m] one has
Tor
−i,2(j1,...,jm)
k[v1,...,vm]
(k[K], k) ∼= H˜ |J |−i−1(KJ ; k),
where for a subset J ⊂ [m] we set jk = 1, if k ∈ J , and jk = 0, if k /∈ J .
Tor−i,2ak[v1,...,vm](k[K], k) = 0, when a is not a (0, 1)-vector. Furthermore,
Tor−i,2ak[v1,...,vm](k[K], k)
∼= H−i,2a[R(K), d].
Construction 2.17. Consider a subset of vertices S ⊂ [m] of a simplicial complex
K. There exists a natural simplicial embedding jS : KS → K. We shall construct
here a retraction to the induced embedding of moment-angle-complexes jˆS : ZKS →
ZK. To do this, consider a projection map
pσ :
∏
i∈σ
D2 ×
∏
i/∈σ
S1 →
∏
i∈σ∩S
D2 ×
∏
S\σ
S1
for each σ ∈ K. Note that the image pσ belongs to ZKS for any σ ∈ K, since
KS = {σ ∩ S|σ ∈ K}. It is easy to see that rS := ∪σ∈K pσ : ZK → ZKS is the
desired retraction. A similar formula in th case RK = (D1, S0)K yields a retraction
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for the induced embedding of real moment-angle-complexes jˆS : RKS → RK; the
general result can be found in [84, Proposition 2.2]
Corollary 2.18. Let jS : KS ↪→ K be an embedding of a full subcomplex on the
vertex set S ⊆ [m] in K. Then the embedding of the corresponding moment-angle
complexes jˆS : ZKS → ZK has a retraction, and the induced cohomology ring homo-
morphism j∗S : H
∗(ZK) → H∗(ZKS) is a split epimorphism of rings. Similarly, the
induced embedding of real moment-angle-complexes jˆS : RKS → RK has a retrac-
tion, and the induced cohomology ring homomorphism j∗S : H
∗(RK)→ H∗(RKS) is
a split epimorphism of rings.
Proof. The statement about embedding of moment-angle-complexes follows directly
from their definition and Construction 2.17 (cf. [31, Exercise 4.2.13]). The rest fol-
lows from that homomorphism in cohomology, induced by a retraction, is a split
epimorphism of rings: (ri)∗ = i∗r∗ = 1∗A for a retract A = ZKS ⊂ ZK . 
The main result of this section is the following: if P is a flag polytope and F ⊂ P
is its face, then the maps iˆF,P : ZF → ZP and jˆF,P : ZKF → ZKP , induced by an
affine embedding of a face iF,P : F → P and an embedding of the corresponding
full subcomplex jF,P : KF → KP , and linked together by canonical equivariant
homeomorphisms hP : ZP → ZKP and hF : ZF → ZKF in a commutative diagram.
Later on, in section 5, we shall show that a similar result holds for all nestohedra (not
necessarily flag ones), see Definition 3.11. That is, we shall prove that if P = PB is
a nestohedron, then a face embedding iPB|S and an embedding of the corresponding
full subcomplex jPB|S induce the maps of moment-angle manifolds and complexes,
which form a commutative diagram with the equivariant homeomorphisms described
above, see Proposition 5.21.
Thus, we now need to discuss various ways of constructing an equivariant embed-
ding of a moment-angle manifold ZF r to a moment-angle manifold ZPn , induced by
a face emebedding inr : F
r → P n. Note that, although ZF r will always ne a subman-
ifold in ZPn , a retraction ZPn → ZF r may not exist, in general, see Example 2.27
below.
Construction 2.19. (Mappings of moment-angle manifolds I) Let F r = Fi1 ∩ . . .∩
Fin−r be an r-dimensional face in P
n and inr : F
r ↪→ ∂P n ⊂ P n be its affine
embedding into P n. Then F r is itself a convex polytope with m(F ) facets Gi, 1 ≤
i ≤ m(F ). Therefore, each facet Gα of F r can be uniquely represented in the form
Gα = (Fi1 ∩ . . . ∩ Fin−r) ∩ Fj
for some facet Fj of P
n.
Then a map φnr : [m(F )]→ [m(P )] is defined such that φnr (α) = j.
Now, applying Construction 2.11, we are going to construct a map φˆnr : ZF r →
ZPn , induced by the mappings φnr and inr .
First, let us consider the following map
φ˜nr : T
F(F r) → TF(Pn),
where F(F r) = {G1, . . . , Gm(F )} and F(P n) = {F1, . . . , Fm(P )} denote the sets of
facets of the polytopes F r and P n, respectively, and
φ˜nr (t1, . . . , tm(F )) = (τ1, . . . , τm(P )),
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where
τi =
{
t(φnr )−1(i), if i ∈ imφnr ;
1, otherwise.
It is easy to see that φ˜nr : T
m(F ) → Tm(P ) is a group homomorphism.
Finally, we are able to define a map
φˆnr : ZF r = (TF(F
r) × F r)/ ∼→ ZPn = (TF(Pn) × P n)/ ∼
by formula:
φˆnr ([t, p]) = [φ˜
n
r (t), i
n
r (p)].
Let us prove that the above definition is correct. Due to Construction 2.11, it
suffices to prove that if T−11 T2 ∈ TGFr (p=q), then φ˜nr (T−11 )φ˜nr (T2) ∈ TGPn (p=q). Since
φ˜nr is a group homomorphism, we need to show that
φ˜nr (T
−1
1 T2) ∈ TGPn (p=q),
when
T−11 T2 ∈ TGFr (p=q).
Suppose T−11 T2 = (t1, . . . , tm(F )) and φ˜
n
r (T
−1
1 T2) = (τ1, . . . , τm(P )). Observe that
G := GF r(p = q) = GPn(p = q) is a uniquely determied face in F
r ⊂ P n, for which
the point p = q belongs to its interior.
Set G = Gα1 ∩ . . .∩Gαk = F r ∩Fj1 ∩ . . .∩Fjk . Then, by definition of φnr , we have:
φnr (αp) = jp for any 1 ≤ p ≤ k.
Now it suffices to show that if τi 6= 1, then i ∈ {j1, . . . , jk}. Since τi 6= 1, then,
due to definition of φ˜nr , we have: τi = t(φnr )−1(i) 6= 1 and i ∈ imφnr . Since t(φnr )−1(i) 6= 1
and (t1, . . . , tm(F )) ∈ TG = TGα1 × . . .× TGαk , we obtain: t(φnr )−1(i) ∈ TGαs for some
s ∈ [k]. Again, by definition of the map φ˜nr , the latter means that (φnr )−1(i) = αs, or
equivalently, φnr (αs) = i. As we previously had φ
n
r (αs) = js for the G defined above,
it follows that i = φnr (αs) = js ∈ {j1, . . . , jk}, and the proof of the definition of the
map φˆnr be correct is done.
To prove the map φˆnr is continuous, observe that, by definition of φˆ
n
r , the next
commutative diagram holds:
Tm(F ) × F r φ˜
n
r×inr−−−→ Tm(P ) × P nyprr yprn
ZF r φˆ
n
r−−−→ ZPn
Since ZF r and ZPn both have quotient topologies, determied by the canonical pro-
jection maps prr and prn, respectively (cf. Construction 2.11), we deduce that the
map φˆnr is continuous provided the composition map φˆ
n
r prr = prn (φ˜
n
r ×inr ) is contin-
uous. The latter mapping is continuous as a composition of continuous maps, which
finishes the proof.
We are going now to construct a special simplicial map Φnr : KF r → KPn , deter-
mined by the function φnr such that it induces a continuous map of moment-angle
complexes Φˆnr : ZKFr → ZKPn .
Construction 2.20. First, observe that φnr induces an injective map of sets of facets
φ
n
r : F(F r)→ F(P n), where φ
n
r (Gα) = Fφnr (α) and Gα = F
r ∩ Fφnr (α).
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Then the simplex σ = (α1, . . . , αk) ∈ KF r is in one-to-one correspondence with a
nonempty intersection of facets of a face of F r:
Gα1 ∩ . . . ∩Gαk = F r ∩ Fφnr (α1) ∩ . . . ∩ Fφnr (αk) 6= ∅.
It follows that Fφnr (α1)∩. . .∩Fφnr (αk) 6= ∅, that is, we are able to define a nondegenerate
injective simplicial mapping Φnr : KF r → KPn by formula
Φnr (σ) = (φ
n
r (α1), . . . , φ
n
r (αk)) ∈ KPn .
Note that:
(1) If F r = Fi1∩ . . .∩Fin−r in P , then there is a simplex ∆(F ) = {i1, . . . , in−r} ∈
KP ;
(2) By definition of link, Φnr (KF r) = LinkKPn ∆(F ).
It follows directly from the definition of a moment-angle-complex that Φnr deter-
mines a continuous map of moment-angle-complexes:
Φˆnr : ZKFr → ZKPn ,
induced by homeomorphisms:
(D2, S1)σ ∼= (D2, S1)Φnr (σ).
Remark 2.21. Note that both mappings φˆnr and Φˆ
n
r are weakly equivariant with
respect to the compact torus Tm(F )-action, induced by the map φ˜nr : Tm(F ) → Tm(P ).
Now, applying Construction 2.13, we obtain a description of a map between
moment-angle manifolds ZF r → ZPn , induced by the face embedding inr : F r → P n,
which is equivalent to that considered in Construction 2.19.
Construction 2.22. (Mappings of moment-angle manifolds II) Let F r be an r-
dimensional face in P n with the set of facets F(P n) = {F1, . . . , Fm(P )}.
Let us show that there exists an induced embedding iˆnr : ZF r ↪→ ZPn . Consider an
affine embedding f : Rn → Rm(P ) such that its restriction to the polytope P n coin-
cides with the map iPn , see Construction 2.13, and an embedding g : Rr → Rn with
its restriction on the face F r coinciding with the map inr . Now consider composition
of the mappings defined above f g : Rr → Rn → Rm(P ) and a continuous section
sn : Rm(P )≥ → Cm(P ). We remind here, that a tori embedding φ˜nr : Tm(F ) → Tm(P ),
described in Construction 2.19, gives rise to a group Tm(F ) action on the com-
plex Euclidean space Cm(P ). Thus, we get an action of the compact torus Tm(F ) on
the image (under the composition map) sn f g(F
r) of the face F r in Cm(P ), where
sn is a continuous section of the moment map µn : Cm(P ) → Rm(P )≥ . Denote the
corresponding moment-angle manifold (cf. Constrcution 2.11) by W . Then, due to
Construction 2.13, W is embedded into ZPn ↪→ Cm(P ) and an induced mapping
iˆnr : ZF r → ZPn is defined. Its image coincides with W .
Explicit formulae for the induced embedding iˆnr described above were given in [27,
Construction 2.10].
Remark 2.23. Obviously, one has real analogues of the Constructions 2.11, 2.12,
and 2.13 for an induced embedding of real moment-angle manifolds: iˆnr : RF r → RPn
and real moment-angle-complexes: Φˆnr : RKFr → RKPn .
In terms and notations from the above constructions let us introduce the following
simplicial complexes: Kr−1 = KF r , Kn−1 = KPn , and Kn,r = Kn−1φnr [m(F )]. Then, due to
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Construction 2.20, a nondegenerate injective simplicial mapping Φnr : K
r−1 → Kn−1
gives rise to an embedding
Φnr (K
r−1) ⊆ Kn,r
and is a composition of simplicial maps: Kr−1 → Kn,r → Kn−1, where the first map
is induced by Φnr , and the second map is a natural embedding of a full subcomplex
into its ambient simplicial complex.
The next general result holds.
Proposition 2.24. There exists a commutative diagram
ZF iˆ
n
r //
hF
{{
ZP
hP
##
ZKr−1
))
ZKn−1 ,
ZKn,r
55
where hF and hP are canonical equivariant homeomorphisms, and the composition in
the lower row of arrows equals Φˆnr . A similar statement holds for induced mappings
of real moment-angle manifolds and complexes.
Proof. The above diagram commutes. For, it suffices to apply Construction 2.19 to
the equivariant homeomorphism hP : ZP ∼= ZKP constructed in [29, Lemma 3.1.6,
formula (37)], using the cubical subdivision C(P ) ⊂ Im(P ). Indeed, we first observe
that for any face F r ⊂ P n the corresponding cubical subdivision C(F r) is a cubical
subcomplex in C(P n), and the next diagram commutes
ZF r iˆ
n
r−−−→ ZPn hP−−−→ ZKn−1 −−−→ (D2)myr yρ yρ yρ
F r
inr−−−→ P n jP−−−→ cc(Kn−1) −−−→ Im(P ),
where r denotes a projection map onto the orbit space of the canonical Tm(F )-action,
ρ denotes the projection map onto the orbit space of the canonical Tm(P )-action, and
jP is an embedding of a cubical subdivision C(P ) of the polytope P into Im(P ), with
its image being cc(Kn−1), see [29].
Note that the composition of mappings in the lower row of arrows is equal to jF ,
since jP (C(F )) = cc(Kr−1) ⊂ cc(Kn−1). Therefore, the composition in the upper
row of arrows equals ΦˆnrhF , which finishes the proof. 
In fact, we are able to prove the next statement, which is more general than the
above one in the case of a flag polytope.
Lemma 2.25. Let P n be a flag polytope and F r ⊂ P n be its r-dimensional face.
Then Φnr (K
r−1) = Kn,r. Furthermore, the following diagram commutes
ZF r iˆ
n
r−−−→ ZPnyH1 yH2
ZKr−1 Φˆ
n
r−−−→ ZKn−1 ,
MASSEY PRODUCTS 17
where H1, H2 are homeomorohisms and iˆ
n
r induces a split epimorphism in cohomol-
ogy. A similar result holds for the induced mappings of real moment-angle manifolds
and complexes.
Proof. Let us prove the first part of the statemet. By Construction 2.20, for any
simple polytope P n one has the next embedding of simplicial complexes, in which
the both are subcomplexes on the vertex set φnr [m(F )] of the simplicial complex
Kn−1:
Φnr (K
r−1) ⊆ Kn,r.
We must prove that the opposite inclusion holds. Assuming the converse, suppose
that a set of indices {j1, . . . , jk} ⊂ φnr [m(F )] is such that:
σ = (j1, . . . , jk) ∈ Kn,r, σ /∈ Φnr (Kr−1).
These formulae are equivalent to the following relations in the face poset of the
polytope P n:
Fj1 ∩ . . . ∩ Fjk 6= ∅, F r ∩ Fj1 ∩ . . . ∩ Fjk = ∅.
Thus, Fjs ∩ Fjt 6= ∅ for any pair of indices s, t ∈ [k], and
Fi1 ∩ . . . ∩ Fin−r ∩ Fj1 ∩ . . . ∩ Fjk = ∅.
On the other hand, by definition of the map φnr , we have the next relations in the
face poset of the polytope F r
Fjs ∩ Fi1 ∩ . . . ∩ Fin−r = Gαs ,
in which φnr (αs) = js for s ∈ [k]. It follows that Fjs ∩ Fit 6= ∅ for any indices
s ∈ [k], t ∈ [n − r]. Moreover, Fiq ∩ Fip 6= ∅ for any pair of indices p, q ∈ [n − r],
since Fi1 ∩ . . . ∩ Fin−r = F r 6= ∅.
Now recall that the polytope P n is flag, and we have already proved that each
pair of its facets from the set
Fi1 , . . . , Fin−r , Fj1 , . . . , Fjk
has a nonempty intersection. It follows that
Fi1 ∩ . . . ∩ Fin−r ∩ Fj1 ∩ . . . ∩ Fjk 6= ∅,
and we got a contradiction.
To prove that second part of the statement we first note that the diagram
ZF iˆ
n
r //
hF
{{
ZP
hP
##
ZKr−1
))
ZKn−1
rφnr [m(F )]
uu
ZKn,r
commutes, according to Proposition 2.24, where rφnr [m(F )] is a retraction for the
induced embedding jˆφnr [m(F )] of moment-angle-complexes. Observe that we have the
following equality: Φnr (K
r−1) = Kn,r, which we proved above. Therefore, in the flag
case, ZF is always a retract of ZP . The rest of the statement follows from the fact
that a homomorphism, equivalent to a spit epimorphism, is a split epimorphism
itself, cf. Corollary 2.18. 
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Proposition 2.26. Let F r be an r-dimensional face of a polytope P n. Then the next
conditions are equivalent:
(1) For any set {j1, . . . , jk} ⊂ φnr [m(F )], if Fj1 ∩ . . . ∩ Fjk 6= ∅, then F r ∩ Fj1 ∩
. . . ∩ Fjk 6= ∅;
(2) Φnr (K
r−1) = LinkKn−1 ∆(F r) = Kn,r;
(3) iˆnr : ZF r → ZPn is an embedding of a submanifold, having a retraction;
(4) (inr )
∗ : H∗(ZPn)→ H∗(ZF r) is a split epimorphism of cohomology rings.
Proof. Conditions (1) and (2) are equivalent by Construction 2.20 and the proof of
Lemma 2.25. The implications (2)⇒ (3)⇒ (4) follow directly from Corollary 2.18.
Finally, (4) implies (2), since, if Φnr (K
r−1) is not a full subcomplex, then there exists
a simplex σ = (j1, . . . , jk) ∈ Kn,r, σ /∈ Φnr (Kr−1), and ∂σ ⊂ Φnr (Kr−1), which, in
view of (4) and Theorem 2.16, gives: H∗(∂σ) is a direct summand in H∗(ZKn−1)
(and, in particular, β−i,2J(Kn−1) > 0, where J = (j1, . . . , jm) is an m-tuple of 0s
and 1s such that jt = 1 if and only if t ∈ σ; |J | − i − 1 = k − 2), which is a
contradiction. 
Therefore, when a polytope P n is flag, the mapping Φnr from Construction 2.20
provides a simplicial isomorphism between KF r and the full subcomplex in KPn
on the vertex set φnr [m(F )]. So, in what follows, in the flag case, we shall identify
those simplicial complexes and consider the corresponding simplicial embedding jnr :
KF r → KPn .
The next example clarifies the situation in the nonflag case.
Example 2.27. Consider a triangular prism P 3, m(P 3) = 5, and denote its trian-
gular facets by F1 and F5. Consider its quadrangular facet F2. Then φ
3
2[m(F2)] =
{1, 3, 4, 5} ⊂ [m(P )] = [5], a nerve complex of the face F2 is a boundary of a square,
and the full subcomplex in KP 3 on the vertex set {1, 3, 4, 5} is a boundary of a
square alongside with the edge {3, 4}. This corresponds to the well known fact that
there exists no retraction S3 × S5 onto S3 × S3. On the other hand, for any trian-
gular facet, in particular, for F1, we have: Φ
3
2(KF1) = K3,2; there exists a retraction
S3 × S5 → S5, and the corresponding split epimorphism in cohomology.
Remark 2.28. For any face embedding inr : F
r → P n there exists an induced
embedding of quasitoric manifolds M2r(F,ΛF )→M2n(P,Λ), which can be realized
as a composition map of the embeddings of characteristic submanifolds, induced by
face emebeddings:
F r = Fi1 ∩ . . . ∩ Fin−r ⊂ Fi2 ∩ . . . ∩ Fin−r ⊂ . . . ⊂ Fin−r ⊂ P.
An alternative description of the induced mapping of charactersitic submanifolds can
be obtained similar to that determined in Construction 2.19, using the definition of
a quasitoric manifold M(P,Λ) as a quotient space of a moment-angle manifold ZP
by a freely acting subtorus of dimension (m− n).
However, the induced mappings of quasitoric manifolds, in general, do not have
retractions, even for a flag polytope P n, as the next example shows.
Example 2.29. Consider a pentagon P 25 , embedded into R2 as shown in the figure
below, with facets (edges) F1, . . . , F5, denoted here simply by {1, 2, 3, 4, 5}.
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Let us take P 2 = P 25 = {x ∈ R2 : Ax+ b > 0}, where
A> =
(
1 0 −1 −1 0
0 1 0 −1 −1
)
, b> = (0, 0, 2, 3, 2).
and > denotes matrix transposition operation.
By Davis–Januszkiewicz theorem, cf. [38], we have the next description of coho-
mology ring of the quasitoric manifold M = MP5
H∗(M(P 25 , A
>)) ∼= Z[v1, v2, v3, v4, v5]/I,
where
I = (v1 − v3 − v4, v2 − v4 − v5, v1v3, v1v4, v2v4, v2v5, v3v5),
from which it follows that v21 = v
2
2 = 0 and v
2
3 = v
2
4 = v
2
5 6= 0 in H∗(M) (since, if all
the squares of 2-dimensional generators equal zero, then all the monomials of degree
greater than 2 in H∗(M) are also equal to zero, which contradicts the fact that
H4(M) ∼= Z). We state that there is no retraction for the embedding of quasitoric
manifolds, induced by face embedding i31 : F3 → P5. Otherwise one would have
existence of a split epimorphism in cohomology: H2(M) → H2(MF3), which would
contradict v23 6= 0 in H∗(M) (recall that MF3 ∼= CP 1, and so for its 2-dimensional
cohomology generator one has: v23 = 0).
Now we would like to show that the opposite implication to that of Lemma 2.25
also holds. To do that, we need the next combinatorial criterion of flagness of a
simplicial complex.
Lemma 2.30. A simplicial complex K is flag if and only if LinkK(v) is a full
subcomplex in K for any vertex v ∈ K.
Proof. If K is a flag complex, then suppose that the converse is true. Then there
exists a vertex v ∈ K and a simplex σ ∈ K such that |σ| ≥ 2, ∂σ ⊆ LinkK(v)
and σ /∈ LinkK(v). It implies that v /∈ σ, v ∪ σ /∈ K and v ∪ σi ∈ K, for any i,
where σi denotes a facet of a simplex σ. The latter means that v∪σ ∈MF (K) with
|v ∪ σ| ≥ 3 elements. We got a contradiction with flagness of K.
Suppose now that K is not flag. Then there exists a minimal nonface {i1, . . . , ip}
of K on p ≥ 3 vertices. Then ∂∆{i1,...,ik} is a full subcomplex in K on the vertex set
{i1, . . . , ip}. Observe that LinkK(i1) contains all vertices from the set {i2, . . . , ik},
but does not contain the simplex (i2, . . . , ik) ∈ K. That is, LinkK(i1) is not a full
subcomplex in K on its set of vertices, which finishes the proof. 
Finally, we are able to get the next result.
Theorem 2.31. The following conditions are equivalent:
(1) P n is a flag polytope;
(2) Φnr (K
r−1) = Kn,r for any face F r ⊂ P n;
(3) iˆnr : ZF r → ZPn is a submanifold embedding, having retraction for any face
F r ⊂ P n;
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(4) (inr )
∗ : H∗(ZPn)→ H∗(ZF r) is a split epimorphism of cohomology rings, for
any face F r ⊂ P n.
Proof. Conditions (2), (3), and (4) are equivalent to each other by Proposition 2.26.
Suppose condition (2) holds. Then, in particular, for any facet F n−1 ⊂ P n one
has: Φnn−1(K
n−2) = Kn,n−1. On the other hand, Φnn−1(K
n−2) = LinkKP (v), where
v ∈ KP corresponds to the facet F n−1 ⊂ P n, cf. Construction 2.20. The latter
means that LinkKP (v) is a full subcomplex in KP for any vertex v ∈ KP , therefore,
by Lemma 2.30, KP is a flag simplicial complex, which implies condition (1).
Finally, (1) implies (2) by Lemma 2.25, which finishes the proof. 
In the final part of this section we shall introduce the definition of a Massey prod-
uct in cohomology of a differential graded algebra. First of all, we need a notation
of a defining system for an ardered set of cohomology classes. In our exposition we
follow that in [66] and in [30, Appendix Γ], where one can find all the properties of
Massey product, necessary in what follows.
Let (A, d) be a differential graded algebra, αi = [ai] ∈ H∗[A, d] and ai ∈ Ani for
1 ≤ i ≤ k. Then a defining system for the set (α1, . . . , αk) is a (k+1)×(k+1)-matrix
C such that the following conditions hold:
(1) ci,j = 0 for i ≥ j,
(2) ci,i+1 = ai,
(3) a · E1,k+1 = dC − C¯ · C for a certain element a = a(C) ∈ A, where c¯i,j =
(−1)deg(ci,j) · ci,j and E1,k+1 denotes a (k+ 1)× (k+ 1)-matrix with a unit in
the position (1, k + 1) and zeros in all other positions.
A direct computation shows that d(a) = 0 and a ∈ Am, m = n1 + . . .+nk−k+ 2.
Thus, a = a(C) is a cocycle for any defining system C, and a cohomology class
α = [a] ∈ Hm[A, d] is defined correctly.
Definition 2.32. We say that a k-fold Massey product 〈α1, . . . , αk〉 is defined, if for
the corresponding ordered set of cohomology classes there exists a defining system
C. In this case, by definition, the Massey product 〈α1, . . . , αk〉 contains of all co-
homology classes α = [a(C)], for C – a defining system. A defined Massey product
〈α1, . . . , αk〉 is said to be
• trivial (or, vanishing), if [a(C)] = 0 for some defining system C;
• decomposable, if [a(C)] ∈ H+(A) ·H+(A) for some defining system C;
• strictly defined, if 〈α1, . . . , αk〉 = {[a(C)]} for some (and, therefore, for any)
defining system C.
Remark 2.33. By [66, Theorem 3], the set of cohomology classes 〈α1, . . . , αk〉 de-
pends only on the cohomology classes α1, . . . , αk, rather than on the choice of par-
ticular representing cocycles a1, . . . , ak. Furthermore, if [ai] = 0 for some 1 ≤ i ≤ k
and 〈α1, . . . , αk〉 is defined, then 0 ∈ 〈α1, . . . , αk〉, and the k-fold Massey product is
trivial.
Let us introduce explicit formulae for the relations, see condition (3) above, on
the elements of a defining system C in the cases of 2-, 3-, and 4-fold defined Massey
product.
Example 2.34. Suppose k = 2. If a Massey product 〈α1, α2〉 is defined, then:
a = d(c1,3)− a¯1 · a2;
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Therefore, our definition gives the usual cup-product in cohomology of topological
spaces (up to sign).
Example 2.35. Suppose k = 3. If a Massey product 〈α1, α2, α3〉 is defined, then:
a = d(c1,4)− a¯1 · c2,4 − c¯1,3 · a3,
d(c1,3) = a¯1 · a2,
d(c2,4) = a¯2 · a3;
Example 2.36. Suppose k = 4. If a Massey product 〈α1, α2, α3, α4〉 is defined, then:
a = d(c1,5)− a¯1 · c2,5 − c¯1,3 · c3,5 − c¯1,4 · a4,
d(c1,3) = a¯1 · a2,
d(c1,4) = a¯1 · c2,4 + c¯1,3 · a3,
d(c2,4) = a¯2 · a3,
d(c2,5) = a¯2 · c3,5 + c¯2,4 · a4,
d(c3,5) = a¯3 · a4.
Obviously, each defined k-fold Massey product in H∗(ZP ) is trivial for k > 2,
when P = In, and is already trivial for k > 1, when P = ∆n. In section 4 we
construct a family of polytopes P = {P n|n ≥ 0} such that there exist nontrivial
strictly defined Massey products of all orders 2 ≤ k ≤ n in H∗(ZPn).
3. The theory of families of polytopes: methods and constructions
The foundation of the theory of families of simple polytopes was made in the work
of Buchstaber [19]. We start this section with giving a definition of the notion of
a family of polytopes, following [19]. Below we consider combinatorially equivalent
polytopes as equal.
Definition 3.1. By a family of polytopes we mean a set F of combinatorial polytopes
such that for any n ≥ 0 a subset Fn ⊂ F of its n-dimensional elements is nonempty
and finite. The family F will be called linear, if each subset Fi consists of a unique
element.
There is a number of sources, dedicated to the study of remarkable families of
polytopes, see [86, 87, 22, 21]. In [19] a notion of a bigraded differential ring of
simple polytopes (P , d) was introduced, where the differential d maps a polytope P
into the disjoint union of its facets. We shall give all the necessary details from [19]
and introduce an oriented version of this construction below.
Definition 3.2. A bigraded ring of polytopes is a free Abelian group P = ⊕Pn,
where Pn = ⊕Pn,k. Here, we denoted by Pn,k a finitely generated free Abelian group
with generators corresponding to simple n-dimensional polytopes P n with m facets,
and k = m− n. In the group P , apart from addition, which corresponds to disjoint
union of polytopes, there is also multiplication, which corresponds to a Cartesian
product of polytopes. As a zero element in P it is natural to take the empty set P−1,
and as a unit – the point P 0. The ring P just described turns out to be a bigraded
one, since, if a ∈ Pn,k and b ∈ Pn′,k′ , then ab ∈ Pn+n′,k+k′ .
Recall, that in algebra, a differential ring is defined to be a graded ring with an
operator, satsfying Leibniz rule. The ring P is a differential ring (with respect to
the first grading) with respect to the operator d : P → P that maps a polytope to
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the disjoint union of its facets, and therefore d : Pn → Pn−1. Note that d2(P n) 6= 0
for n > 1.
Remark 3.3. One can similarly consider a bigraded ring PO = ⊕POn , where POn =
⊕POn,k, generated by the set of all oriented polytopes. An operator dO on such a ring
maps an oriented polytope P to the disjoint union of its facets {Fi} with induced
orientations. Recall that for an oriented polytope P normal vectors to facets Fi are
considered as pointing inwards the polytope (cf. Definition 2.2) and, therefore, an
induced orientation of a facet is defined correctly. In this case, (dO)2 = 0 and
dO(P1 × P2) = (dOP1)× P2 ∪ (−1)dimP1P1 × dOP2.
Problem 3.4. Compute the homology H∗[PO, dO].
Throughout this paper we deal only with the differential ring (P , d). To avoid con-
sideration of families with trivial combinatorial structure, which are not interesting
for us here, we introduce the following notions.
Definition 3.5. Let us call a linear family F n-reducible, if each polytope P ∈ Fk
with k ≥ n is a product of polytopes of positive dimensions. If F is not n-reducible
for any n > 1, then we call such a family F an irreducible family.
Among all polytopes P the simple polytopes are characterized by the following
formula, which is valid only for them:
F (dP ) =
∂
∂t
F (P ),
where F (P ) = αn + fn−1αn−1t + . . . + f0tn. Here we denote n = dimP and fk is a
number of k-dimensional faces.
In the theory of simple polytopes, alongside with F -polynomials, it is useful to
consider H-polynomials: H(s, t) = F (s−t, t). For any simple polytope P the classical
Dehn–Sommerville theorem on f -vector of a simple polytope P is equivalent to the
identity H(α, t) = H(t, α).
The following relation on H-polynomials holds in the ring (P , d):
H(dP ) = ∂H(P ),
where ∂ = ∂
∂s
+ ∂
∂t
. Therefore, ∂ is a linear operator, which sends symmetric poly-
nomials to symmetric polynomials. Moreover, F and H induce homomorphisms of
differential rings:
F : P → Z[α, t]
and
H : P → Z[s, t],
that send differential d to the operator ∂
∂t
in the case of F , and send differential d
to the operator ∂ in the case of H.
Finally, what we get is that the formulae for the values of the differential d on
families of polytopes provide us with partial differential equations. In the series of
works [19, 25, 34] it was shown that for certain important families of polytopes
these differential equations have analytical solutions (see also [31, §1.7, 1.8]). Note
that the work [19] was motivated by the work of Buchstaber and Koritskaya [25],
in which it was proved that the generating series for H-polynomials in the case of
associahedra As satisfies the classical quasilinear E.Hopf equation.
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Among the new notions introduced in our work, the next two are the main ones.
We recall that we denote by m(P n) the number of facets of an n-dimensional poly-
tope P ; when the choice of P is clear from the context, we write m(n), or simply,
m, instead of m(P n), to simplify our notation.
Definition 3.6. A linear family of polytopes F = {P n|n ≥ 0} is called an algebraic
direct family of polytopes (in brief, ADFP), if the following condition holds:
For any r ≥ 0 and n > r there exists an r-dimensional face F = F (r, n) of
a polytope P n such that F is combinatorially equivalent to P r, and {P n, inr } is a
direct system of polytopes with respect to face embeddings inr : P
r ↪→ ∂P n ⊂ P n
(here we identified F with P r).
Definition 3.7. An algebraic direct family of polytopes F = {P n|n ≥ 0} is called
a geometric direct family of polytopes (in brief, GDFP), if the following condition
holds:
For any r ≥ 0 and n > r there exists a set of vertices J = J(r, n) ⊂ [m(n)] =
{1, 2, . . . ,m(n)} of cardinality m(r) such that the full subcomplex in KPn on J
is combinatorially equivalent to KP r , and {KPn , jnr } is a direct system of triangu-
lated spheres with respect to simplicial embeddings jnr : KP r ↪→ KPn , induced by
embeddings J ⊂ [m(n)] (here we identified (KPn)J with KP r).
Example 3.8. 1) The family of simplices ∆ = {∆n |n ≥ 0} is an ADFP, but not a
GDFP. 2) The family of cubes I = {In |n ≥ 0} is a GDFP.
Observe that each ADFP F , consisting of flag polytopes, is a GDFP due to
Lemma 2.25. The condition from the definition of GDFP implies that {H∗(ZPn), (inr )∗}
is an inverse system of rings with respect to split epimorphisms of rings (inr )
∗, cf.
Corollary 2.18. Recall that each map inr also induces a map of moment-angle mani-
folds φˆnr : ZP r → ZPn , see Construction 2.19.
It is easy to see thaht for any GDFP the induced maps (φˆnr )
∗ and (jnr )
∗ are
equivalent homomorphisms. It follows that (φˆnr )
∗ : H∗(ZPn) → H∗(ZP r) are also
split ring epimorphisms.
One of main goals of this paper is to construct examples of direct families of
polytopes (not necessarily flag ones) with rich combinatorial structure. This problem
will be solved by means of the theory of nestohedra.
Definition 3.9. A direct family of polytopes F = {P n|n ≥ 0} will be called a direct
family with nontrivial Massey products (in brief, DFNM), if there exist a nontrivial
Massey product of order k in H∗(ZPn), and k →∞ when n→∞.
Note that if F is a GDFP, then the next property follows immediately from
Corollary 2.18 and Theorem 2.15. If 〈αr1, . . . , αrk〉 is a defined Massey product in
H∗(ZP r), then for any n > r there exists a defined Massey product 〈αn1 , . . . , αnk〉 in
H∗(ZPn) such that (φˆnr )∗(αnt ) = αrt for any 1 ≤ t ≤ k and
(φˆnr )
∗〈αn1 , . . . , αnk〉 = 〈αr1, . . . , αrk〉.
Definition 3.10. We call a direct family F = {P n|n ≥ 0} of polytopes with
nontrivial Massey products a special family , if for any n ≥ 2 there exists a strictly
defined nontrivial Massey product 〈α1, . . . , αk〉 in H∗(ZPn) for each 2 ≤ k ≤ n.
Our main result, see Theorem 5.27, states that the family PMas, mentioned in the
Introduction, is a special geometric direct family with nontrivial Massey products,
with an additional condition of dimαi = 3 taking place in Definition 3.10.
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To introduce and study the family PMas, we must turn now to certain important
definitions and results from the theory of nestohedra. Following the works by Fe-
ichtner and Sturmfels [44] and Postnikov [86], we now introduce the notions of a
building set and a nestohedron, which play fundamental role in our work.
Definition 3.11. A set B ⊆ 2[n+1] is called a building set on the set of vertices
[n+ 1], if the following two conditions hold:
1) For any i ∈ [n+ 1]: {i} ∈ B;
2) If S1, S2 ∈ B and S1 ∩ S2 6= ∅, then S1 ∪ S2 ∈ B.
A building set B is called connected , if [n + 1] ∈ B. A nestohedron PB on a
(connected) building set B on [n + 1] is a n-dimensional simple convex polytope,
defined as a Minkowski sum of simplices in the Euclidean space Rn+1 with a standard
basis {e1, . . . , en+1}:
PB =
∑
S∈B\[n+1]
conv(ei| i ∈ S).
The nest statement is well known and is a direct consequence of the above defi-
nition.
Corollary 3.12. Let B be a union of building sets B1 on [n1 +1] and B2 on [n2 +1],
[n1 + 1]∩ [n2 + 1] = ∅ (such a B is, ibviously, disconnected). Then PB = PB1 ×PB2.
Example 3.13. 1) Consider the set B∆ = {{i}, [n + 1]|1 ≤ i ≤ n + 1}. Then
PB∆ = ∆
n; 2) Consider the set B = {{1, . . . , i}, {i}|1 ≤ i ≤ n+1}. Then PB = In.
Due to Corollary 3.12, Bˆ = {{i}, {2j − 1, 2j}| 1 ≤ i ≤ n + 1, 1 ≤ j ≤ n} is also a
building set for In.
Remark 3.14. The above mentioned examples show that there might be different
building sets B1 and B2 such that PB1 = PB2 .
In [87] it was shown that if PB is a flag nestohedron, then there exists a building set
B0 ⊆ B such that PB0 is a combinatorial cube and dimPB0 = dimPB. Thus, a class
of polytopes, arising from a cube by face truncations, contains all flag nestohedra
and, in particular, all graph-associahedra. A stronger result was obtained in [33], that
is: a nestohedron is flag of and only if it can be realized as a 2-truncated cube, i.e., a
polytope, obtained from a cube by a sequence of truncations of faces of codimension
two. Observe that the resulting polytope of a face truncation applied to a cube is
flag if and only if the truncated face has codimension two.
The next family of polytopes, introduced by Carr and Devadoss [35] in a paper
devoted to the study of Coxeter complexes, consists of flag nestohedra, and therefore,
due to the above mentioned result of Buchstaber and Volodin [33], these polytopes
can be realized as 2-truncated cubes.
Definition 3.15. A graphical building set B(Γ) of a simple graph Γ on the vertex
set [n + 1] consists of such subsets S that the induced subgraph ΓS on the vertex
set S ⊂ [n+ 1] is connected.
Then the nestohedron PΓ = PB(Γ) is called a graph-associahedron.
Example 3.16. The next families of graph-associahedra, playing an important role
in our paper, found numerous applications in convex geometry, combinatorics, and
representation theory:
• Γ is a complete graph on [n+ 1].
Then PΓ = Pe
n is a permutohedron, see Figure 1.
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Figure 1. 3-dimensional permutohedron and the corresponding graph.
• Γ is a star graph on [n+ 1].
Then PΓ = St
n is a stellahedron, see Figure 2.
Figure 2. 3-dimensional stellahedron and the corresponding graph.
• Γ is a cycle on [n+ 1].
Then PΓ = Cy
n is a cyclohedron (or, Bott–Taubes polytope [14]), see Fig-
ure 3.
Figure 3. 3-dimensional cyclohedron and the corresponding graph.
• Γ is a chain graph on [n+ 1].
Then PΓ = As
n is an associahedron (or, Stasheff polytope [90]), see Figure 4.
Example 3.17. The families of simplices ∆ = {∆n|n ≥ 0}, cubes I = {In|n ≥ 0},
associahedra As = {Asn|n ≥ 0}, permutohedra Pe = {Pen|n ≥ 0}, cyclohedra
Cy = {Cyn|n ≥ 0}, and stellahedra St = {Stn|n ≥ 0} are linear families. Apart
from the cube family, which is 2-reducible, all other families are irreducible.
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Figure 4. 3-dimensional associahedron and the corresponding graph.
Now, suppose that P = PB is a nestohedron on a connected building set B ⊆
2[n+1], n ≥ 2 (cf. Definition 3.11).
The next result takes place, which will be particularly important in what follows.
Lemma 3.18 ([44]). The operator d acts on nestohedra by formula:
dP nB =
∑
S∈B\[n+1]
PB|S × PB/S, (2)
where restriction of a building set B|S is defined to be a building set, induced on the
subset of vertices S ∈ B, and a contraction of S in B is defined to be a building set
B/S = {T ⊂ [n+ 1]\S |T ∈ B or T unionsq S ∈ B}.
Definition 3.19. Let F be a family of polytopes. Then set PF = ⊕n≥0PF,n to be
graded subring of the differential (bi)graded ring P , generated over Z by all P n ∈ Fn.
Then F will be called a differential family (or, in brief, a d-family), if PF is itself
a differential ring, that is, if d : PF,n → PF,n−1. A linear family which is a d-family
will be called a d-linear family .
The families of simplices, cubes, associahedra, permutohedra are d-families. In
fact, they are d-linear families. However, in general, a (linear) family is not neces-
sarily a d-family. This remark motivates us to introduce the next notion.
Definition 3.20. By a d-closure of a family F we mean a minimal (with respect
to inclusion) extension of a family F in the ring P to a d-family, if such extension
exists.
The next statement follows immediately from Lemma 3.18.
Corollary 3.21. A d-closure of any family of nestohedra contains all nestohedra
of the type PBn|S and PBn/S, alongside with every nestohedron PBn, for all elements
S ∈ Bn\[n+ 1].
Example 3.22. It is well known that, cf. [31, §1.6], a d-closure of the family Cy of
cyclohedra equals As ∪ Cy, and a d-closure of the family St of stellahedra equals
St ∪ Pe.
The above mentioned examples allow us to give the next definition.
Definition 3.23. We say that a family F has complexity k ≥ 1, if its d-closure
exists and can be represented as a union of k linear systems.
In particular, the above examples show taht the families of associahedra and per-
mutohedra have complexity 1 (in other words, they are d-linear families themselves),
and the families of cyclohedra and stellahedra both have complexity 2.
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It can be easily seen from Definition 3.11 that the combinatorial type of an n-
dimensional nestohedron PBn is determined by the structure of its building set Bn
on [n+1]. Thus, any linear family F of nestohedra is given by a sequence of building
sets {Bn, n ≥ 1}.
The following question is among the important problems of combinatorics of fam-
ilies
Problem 3.24. Construct and describe families of polytopes with arbitrarily given
complexity.
We mentioned in the introduction the new family of flag nestohedra PMas, which
will be constructed in Definition 4.5 below. One of our main results is the construc-
tion of this family and the proof of the fact that the family PMas has complexity 4,
see Theorem 4.10.
In our subsequent publications we shall continue the study of polytope families
with finite complexity, having the DFNM property. In particular, we shall apply
Corollary 3.21 to solve the above problem for the nestohedra family. We shall also
construct new families of polytopes with nontrivial Massey products, having finite
complexity.
4. Generating series of nestohedra families and differential
equations for them
We start this section with the following construction due to Erokhovets. It already
found various applications, among which is [31, Proposition 1.5.23]. We apply it in
the next section in order to find nestohedra families with nontrivial Massey products.
Construction 4.1 (cf. [31, Construction 1.5.19]). Let B be a connected building
set on [n+1] and Bi be connected building set on the vertex set [ki] for 1 ≤ i ≤ n+1.
Then a substitution of building sets is a connected building set B(B1, . . . , Bn+1) on
the set [k1] unionsq . . . unionsq [kn+1] = [k1 + . . . + kn+1], consisting of the elements Si ∈ Bi, as
well as unionsqi∈S [ki], where S ∈ B.
This construction allows one for any building set B to construct a connected
building set B′ such that PB = PB′ , see [31, §1.5]. Next, we introduce a new operation
on connected building sets.
Construction 4.2. Suppose B1 and B2 are connected building sets on [n+ 1] and
B1∩B2 = B∆. If a subset B1∪B2 of the set 2[n+1] is a building set, then we say that
the sum of building sets B1 + B2 is defined and, by definition, is equal to B1 ∪ B2
as subsets of 2[n+1].
Proposition 4.3. Let B1, B2 be connected building sets on [n+ 1] and the following
condition holds: for any Si ∈ Bi, i = 1, 2 with S1 ∩ S2 6= ∅ their union S1 ∪ S2 ∈
B1 ∪B2. Then the sum of building sets B1 +B2 is defined.
Now we turn to a definition of the flag nestohedra family PMas. Consider the
following sets of subsets in [n+ 1] for n ≥ 2:
B1(P, n) = {{i}| 1 ≤ i ≤ n+ 1},
B2(P, n) = {{1, 2, i1, . . . , ik}| 3 ≤ i1 < . . . < ik ≤ n+ 1, 0 ≤ k ≤ n− 1},
B3(P, n) = {{1, j1, . . . , jp}| 3 ≤ j1 < . . . < jp ≤ n, 1 ≤ p ≤ n− 2}.
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Proposition 4.4. The sets B1(P, n) ∪B2(P, n), B1(P, n) ∪B3(P, n) ∪ {[n+ 1]} are
connected building sets on [n+ 1] and their sum
B(P, n) = (B1(P, n) ∪B2(P, n)) + (B1(P, n) ∪B3(P, n) ∪ {[n+ 1]})
is defined. Furthermore, a nestohedron PB(P,n) is flag.
Proof. The first statement follows immediately from the definition of a building set.
To prove the second one, it suffices to observe that
(B1(P, n) ∪B2(P, n)) ∩ (B1(P, n) ∪B3(P, n) ∪ {[n+ 1]}) = B∆
and if S1 ∈ B1(P, n)∪B2(P, n), S2 ∈ B1(P, n)∪B3(P, n)∪{[n+ 1]} for S1∩S2 6= ∅,
then S1, S2 ∈ B∆. Therefore, due to Proposition 4.3, the second statement holds.
It is easy to see that each element from B2(P, n) ∪ B3(P, n) can be represented in
the form S1 unionsq S2 with S1, S2 ∈ B(P, n), and so the polytope PB(P,n) is flag, which
finishes the proof. 
Definition 4.5. Denote by PMas = {P nMas, n ≥ 0} a family of flag nestohedra,
where P 0Mas is a point, P
1
Mas is a segment, and P
n
Mas = PB(P,n) for n ≥ 2.
A family f 2-truncated cubes Q, introduced in [69], (see also Definition 5.1 below)
motivated us to construct the family of flag nestohedra PMas. Note that P 2Mas = Q2
is a square. The three-dimensional flag nestohedron P 3Mas is shown in Figure 5 (the
visible facets are marked in bold).
Figure 5. 3-dimensional polytope from the family PMas
Next, we shall apply the theory of differential ring of polytopes (P , d) to the family
PMas. Using Lemma 3.18 for nestohedra we can compute the value of the boundary
operator d on polytopes from the family PMas, as well as on the families of flag
nestohedra, which elements arise in dP , where P ∈ PMas.
Consider the following four families of flag nestohedra: PMas, permutohedra Pe,
stellahedra St, and also a certain new family of graph-associahedra PΓ. We are going
to define the latter family now.
Take the following sets of subsets in [n+ 1]:
B1(Γ, n) = {{i}| 1 ≤ i ≤ n+ 1},
B2(Γ, n) = {{i1, . . . , ik}| 1 ≤ i1 < . . . < ik ≤ n, 2 ≤ k ≤ n},
B3(Γ, n) = {{1, j1, . . . , jp, n+ 1}| 2 ≤ j1 < . . . < jp ≤ n, 0 ≤ p ≤ n− 1}.
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Proposition 4.6. The sets B1(Γ, n) ∪B2(Γ, n) ∪ {[n+ 1]} and B1(Γ, n) ∪B3(Γ, n)
are connected building sets on the vertex set [n+ 1], and their sum
B(Γ, n) = (B1(Γ, n) ∪B2(Γ, n) ∪ {[n+ 1]}) + (B1(Γ, n) ∪B3(Γ, n))
is defined. Furthermore, a nestohedron P n = PB(Γ,n) is flag.
Proof. The proof goes analogously to that of Proposition 4.4. 
Definition 4.7. Denote by PΓ = {P nΓ , n ≥ 0} the set of flag nestohedra, where P 0Γ
is a point, P 1Γ is a segment, and P
n
Γ = PB(Γ,n) for n ≥ 2.
Remark 4.8. It is not hard to see that B(Γ, n) is isomorphic to a graphical building
set B(Γn), where Γn is a simple graph on n + 1 vertices, consisting of a complete
graph Kn on the set [n] and an edge joining the vertices {n} and {n+ 1}.
To compute the value of the boundary operator on our families of flag nestohedra
we need the following formulae for the action of the operator d on the families Pe
and St, cf. [19]:
dPen =
n−1∑
s=0
(
n+ 1
s+ 1
)
Pes × Pen−s−1,
and
dStn = nStn−1 +
n−1∑
s=0
(
n
s
)
Sts × Pen−s−1.
Lemma 4.9. The operator d acts on the family of graph-associahedra PΓ by formula:
dP nΓ = Pe
n−1 +
n−2∑
s=0
(
n− 1
s+ 1
)
Pes × P n−s−1Γ +
n−1∑
s=0
(
n− 1
s
)
Pes × Pen−s−1+
+
n−2∑
s=0
(
n− 1
s
)
P s+1Γ × Pen−s−2,
In particular, PΓ has complexity 2 (cf. Defintion 3.23).
Proof. It follows from the formula for the value of the boundary operator on a
nestohedron, given in Lemma 3.18, that for the family PΓ the next identities take
place:
B(Γ, n)/{1, i1, . . . , ik, n+ 1} = B(Pen−k−2), 2 ≤ i1 < . . . < ik ≤ n,
B(Γ, n)/{1, i1, . . . , ik} = B(Pen−k−1), 2 ≤ i1 < . . . < ik ≤ n,
B(Γ, n)/{j1, . . . , jp} = B(Γ, n− p), 2 ≤ j1 < . . . < jp ≤ n.
For the corresponding induced building sets we have:
B(Γ, n)|{1,i1,...,ik,n+1} = B(Γ, k + 1),
B(Γ, n)|{1,i1,...,ik} = B(Pek),
B(Γ, n)|{j1,...,jp} = B(Pep−1).
Finally, applying the definition of contraction operation, we get: B(Γ, n)/{n+ 1} =
B(Pen−1).
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Using the formula for the value of the boundary operator on a nestohedron and
the above formulae, we conclude that:
dP nΓ = Pe
n−1 +
n−2∑
s=0
(
n− 1
s+ 1
)
Pes × P n−s−1Γ +
n−1∑
s=0
(
n− 1
s
)
Pes × Pen−s−1+
+
n−2∑
s=0
(
n− 1
s
)
P s+1Γ × Pen−s−2.

Theorem 4.10. The operator d acts on the family PMas by formula:
dP nMas = 2St
n−1 + (n− 2)P n−1Mas +
n−2∑
s=0
(
n− 2
s
)
Sts × P n−s−1Γ +
+
n−2∑
s=0
(
n− 2
s
)
Sts+1 × Pen−s−2 +
n−3∑
s=0
(
n− 2
s
)
P s+2Mas × Pen−s−3.
In particular, PMas has complexity 4 (cf. Definition 3.23).
Proof. It is easy to check that the following identities take place:
B(P, n)/{1} = B(Γ, n− 1), B(P, n)/{2} = B(P, n)/{n+ 1} = B(Stn−1),
B(P, n)/{3} = . . . = B(P, n)/{n} = B(P, n− 1),
B(P, n)/{1, 2, S} = B(Pen−2−|S|), B(P, n)|{1,2,S} = B(St|S|+1),
B(P, n)/{1, 2, n+ 1, S} = B(Pen−3−|S|), B(P, n)|{1,2,n+1,S} = B(P, |S|+ 2),
B(P, n)/{1, S} = B(Γ, n− 1− |S|), B(P, n)|{1,S} = B(St|S|),
for S ⊂ {3, 4, . . . , n}.
The proof is finished by applying Lemma 3.18. 
Due to Lemma 2.25 and the previous theorem, for each n ≥ 1 there exists a
retraction rn : ZPnMas → ZPn−1Mas .
Proposition 4.11. For n ≥ 3 there exists no smooth retraction ZPnMas → ZPn−1Mas.
Proof. Denote the moment-angle manifold ZPnMas simply by Mn. Suppose that there
exists a smooth retraction rn. Since rnin = id, where in : Mn−1 →Mn, the differential
drn : τMn → τMn−1 must be an epimorphism. Thus a retraction pin : Mn → Mn−1
is a smooth fibration, for which the map in provides a section. Let M be the fiber
of pin. From existence of the section it follows that Serre spectral sequence for the
fibration pin degenerates, that is, E∞ = E2 = H∗(Mn−1; H∗(M)). In the latter case
we get an additive isomorphism H∗(Mn;Q) ∼= H∗(Mn−1;Q)⊗H∗(M ;Q). Thus, for
their Hilbert polynomials (H(M ; t) :=
∑
bit
i) one must have:
H(Mn; t) = H(Mn−1; t) ·H(M ; t).
Therefore, the polynomial H(Mn−1; t) must be a factor of the polynomial H(Mn; t).
From calculations with bigraded Betti numbers of flag nestohedra of PMas it follows
immediately that it is a contradiction for all n ≥ 3. 
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Let us turn now to the problem of generating series and differential equations for
them, in the case of flag nestohedra. Set
Pe(x) =
∞∑
s=0
Pes
xs+1
(s+ 1)!
, St(x) =
∞∑
s=0
Sts
xs
s!
and
PΓ(x) =
∞∑
s=0
P s+1Γ
xs
s!
, PMas(x) =
∞∑
s=0
P s+2Mas
xs+2
s!
.
Applying Theorem 4.10 we are going to get differential equations, which are satis-
fied by above defined generating series of our families. In the work by Buchstaber [19]
the next formulae were obtained:
dPe(x) = Pe2(x), dSt(x) = (x+ Pe(x))St(x).
Studying generating series for classical polynomials in their work [23], Buchstaber
and Kholodov suggested a fruitful idea: to consider generating series with certain
structure sequences of coefficients {an}. This allowed them, varying the coefficients,
to obtain generating series for different classes of classical polynomials, and therefore,
to study them simultaneously, by changing the structure constants an.
We shall use the same idea to study the generating series of our families of poly-
topes. For a generating series of the type Q(x) =
∞∑
n=0
anQ
nxn+n0 set, by definition,
dQ(x) =
∞∑
n=0
and(Q
n)xn+n0 .
Theorem 4.12. The following identities hold:
dPΓ(x) = 2Pe(x)PΓ(x) +
(
1 +
d
dx
Pe(x)
) d
dx
Pe(x),
dPMas(x) = (x+ Pe(x))PMas(x) + x
2(2
d
dx
St(x) + St(x)PΓ(x)+
+
d
dx
St(x)
d
dx
Pe(x)).
Proof. The proof goes by direct computation, using Lemma 4.9 and Theorem 4.10.

Now, following [20], we introduce a new paprameter and study the 2-paprameter
generating series for our families of flag nestohedra.
Definition 4.13. For the polytope family P = {P n|n ≥ 0} consider its generating
series P (x) =
∞∑
n=0
anP
nxn+n0 and the following formal series (P n ∈ P):
Q(P n; q) =
n∑
k=0
(dkP )
qk
k!
.
Then we can define a 2-parameter extension of a generaing series for the family P
by formula:
P (q, x) =
∞∑
n=0
anQ(P
n; q)xn+n0 .
Note that for any family P : Q(P n; 0) = P n and P (0, x) = P (x).
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In [19], as well as in the works by Buchstaber and Volodin [33, 34] partial differen-
tial equations were obtained, the solutions of which were the 2-parameter generating
series of well known linear families of flag nestohedra {P n|n ≥ 0}, where P n denotes
either an n-dimensional simplex ∆n, or a cube In, or an associahedron Asn, or a
cyclohedron Cyn, or a permutohedron Pen, or a stellahedron Stn. These equations
carry important information about complexity of the combinatorial structure of the
family of polytopes.
In particular, let us mention that the 2-parameter generating series Pe(q, x) and
St(q, x) give solutions to the following Cauchy problems:
(1) For the 2-parameter generating series of the permutohedra family one has:
∂
∂q
Pe(q, x) = Pe2(q, x), P e(0, x) = Pe(x).
The solution takes the form:
Pe(q, x) =
Pe(x)
1− qPe(x) ;
(2) For the 2-parameter generating series of the stellahedra family one has:
∂
∂q
St(q, x) = (x+ Pe(q, x))St(q, x), St(0, x) = St(x).
The solution takes the form:
St(q, x) = St(x)
eqx
1− qPe(x) .
Theorem 4.14. The next statements hold.
(1) The 2-parameter generating series PΓ(q, x) is a solution of the following
Cauchy problem:
∂
∂q
PΓ(q, x) = 2Pe(q, x)PΓ(q, x) +
∂
∂x
Pe(q, x)(1 +
∂
∂x
Pe(q, x)), PΓ(0, x) = PΓ(x);
(2) The 2-parameter generating series PMas(q, x) is a solution of the following
Cauchy problem:
∂
∂q
PMas(q, x) = (x+ Pe(q, x))PMas(q, x) + x
2[2
∂
∂x
St(q, x) + St(q, x)PΓ(q, x)+
+
∂
∂x
St(q, x)
∂
∂x
Pe(q, x)], PMas(0, x) = PMas(x).
Proof. Direct computation with the use of Theorem 4.12. 
Denote the right hand sides of the equations from the previous theorem by AF +
B, where F = F (q, x) is the desired solution. Let us find solutions of the above
mentioned Cauchy problems in the form F (q, x) = F1(q, x)·F2(q, x) under conditions
∂
∂q
F1 = A · F1 and F1 · ∂∂qF2 = B.
Then it is easy to get the next formulae for the functions F1(q, x) in each of the
above two cases. Indeed, for F (q, x) = PΓ(q, x) we get: F1(q, x) = F1(0, x)
1
(1−qPe(x))2 .
For F (q, x) = PMas(q, x) we get: F1(q, x) = F1(0, x)
eqx
1−qPe(x) .
In our subsequent publications we plan to give complete solutions to the above
Cauchy problems, to analyze the behaviour of the solutions, and interpret the corol-
laries from those solutions in terms of combinatorics of the corresponding families.
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5. Flag nestohedra and Massey products
We recall the results on Massey products in cohomology of moment-angle mani-
folds over 2-truncated cubes, which will play an important role when moving to the
case of flag nestohedra.
The first examples of moment-angle manifolds ZP with nontrivial higher Massey
roducts 〈α1, . . . , αk〉 for any k ≥ 4 in H∗(ZP ) were constructed by Limonchenko [69,
70]. Namely, he introduced a family Q = {Qn|n ≥ 0} such that there exists a
nontrivial Massey product 〈α1, . . . , αn〉 of order n with dimαi = 3, 1 ≤ i ≤ n in
H∗(ZQn) for any n ≥ 2.
We start with the construction of the linear family of 2-truncated cubes Q =
{Qn|n ≥ 0}, for which ZQn has, by [71, Theorem 3.6], a strictly defined nontrivial
n-fold Massey product in cohomology for each n ≥ 2.
Definition 5.1 ([69, 70]). Let Q0 be a point and Q1 ⊂ R1 be a segment [0, 1].
Denote by In = [0, 1]n, n ≥ 2 an n-dimensional cube with facets F1, . . . , F2n in such
a way that Fi, 1 ≤ i ≤ n contains the origin 0, Fi and Fn+i are parallel for all
1 ≤ i ≤ n. Then the face ring of the cube has the form:
k[In] = k[v1, . . . , vn, vn+1, . . . , v2n]/IIn ,
where IIn = (v1vn+1, . . . , vnv2n).
Consider a polynomial ring
k[v1, . . . , v2n, vk′,n+k′+i′ | 1 ≤ i′ ≤ n− 2, 1 ≤ k′ ≤ n− i′]
and its monomial ideal, generated by square free monomials:
I = (vkvn+k+i, vk′,n+k′+i′vn+k′+l, vk′,n+k′+i′vp, vk′,n+k′+i′vk′′,n+k′′+i′′),
where vj corresponds to Fj for all 1 ≤ j ≤ 2n, and
0 ≤ i ≤ n− 2, 1 ≤ k ≤ n− i, 1 ≤ i′, i′′ ≤ n− 2, 1 ≤ k′ ≤ n− i′,
1 ≤ k′′ ≤ n− i′′, 1 ≤ p 6= k′ ≤ k′ + i′, 0 ≤ l 6= i′ ≤ n− 2,
k′ + i′ = k′′ or k′′ + i′′ = k′.
Let us define Qn ⊂ Rn to be a simple polytope such that IQn = I. Note that
Qn has a natural realization as a 2-truncated cube, and moreover, its combinatorial
type does not depend on the order in which the faces of the cube In are truncated
(the generators vi,j correspond to the truncated faces Fi ∩ Fj of In).
The next result on (higher) Massey products in cohomology of moment-angle
manifolds holds.
Theorem 5.2 ([70, 71]). Let αi ∈ H3(ZQn) be represented by 3-dimensional cocycles
of the type viun+i ∈ R−1,4(Qn) for all 1 ≤ i ≤ n and n ≥ 2. Then all the Massey
products of the consecutive elements from the ordered set (α1, . . . , αn) are defined
and the n-fold Massey product 〈α1, . . . , αn〉 is strictly defined and nontrivial.
Theorem 5.3. For each Qn ∈ Q and any 0 ≤ r < n there exists a face F r ⊂ Qn
such that F r is combinatorially equivalent to Qr.
Proof. To prove the statement it suffices to show that the polytope Qn has a facet
equal to Qn−1 for all n ≥ 1.
Indeed, consider the facet Fn−1 of the polytope Qn. Let us show that Fn−1 = Qn−1.
By definition of Qn, Fn−1 is obtained from the facet Gn−1 = In−1 of the cube In with
facets Gi, 1 ≤ i ≤ 2n (recall that we set Gi ∩Gn+i = ∅ above, for all 1 ≤ i ≤ n, cf.
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Definition 5.1) by a set of consecutive truncations of faces of codimensions two, and
moreover, is also a 2-truncated cube itself (more generally, each face of a 2-truncated
cube is a 2-truncated cube), see [31, §1.6]. The truncated faces of codimension two,
in the case of Fn−1, have the form (here we use the fact that truncation of a facet
does not effect the combinatorial type of a polytope and that Gn−1 ∩G2n−1 = ∅):
Gn−1 ∩Gi ∩Gj,
where 1 ≤ i ≤ n−2, n+2 ≤ j ≤ 2n, j 6= 2n−1. It suffices to observe that the sets of
minimal nonfaces MF(Fn−1) and MF(Qn−1) coincide (up to changing the notation),
thus Fn−1 is combinatorially equivalent to Qn−1. It can be checked similarly that
F2n−1 = Qn−1.
Furthermore, the proof shows that Fr ∩ Fr+1 ∩ . . . ∩ Fn−1 = Qr. 
Now, Theorem 2.31 and the theorem just proved, taken together, immediately
imply the next result.
Corollary 5.4. There exists a nontrivial strictly defined k-fold Massey product in
H∗(ZQn) for any k, 2 ≤ k ≤ n.
Remark 5.5. Note that it was proved in [71, Theorem 4.1] that a full subcomplex in
K = KQn on the vertex set {1, . . . , r−1, n, n+1, . . . , n+r−1, 2n} is combinatorially
equivalent to the full subcomplex in KQr on the vertex set [2r] for each r, 2 ≤ r ≤ n.
This gives another proof of the above Corollary 5.4.
Proposition 5.6. The family Q is a special geometric direct family with nontrivial
Massey products.
Proof. Due to Corollary 5.4, it suffices to prove that Q is an algebraic direct family,
cf. Definition 3.6. The latter follows from Theorem 5.6. 
Starting with an arbitrary irreducible flag polytope F r, we can construct a family
of irreducible flag polytopes {P n|n ≥ r} having P r = F r and such that P k is a face
of P l for any l > k ≥ r.
Construction 5.7. If given a flag polytope F r, one can define a sequence of flag
polytopes P(F ) = {P n|n ≥ r} in the following way. Set P r = F r and if P n is already
defined we can construct P n+1 as a result of a truncation from the polytope P n× I
of a certain face of codimension two of the type Fi(n) × {1} ⊂ P n × {1} ⊂ P n × I
(here, Fi(n) denotes a facet of the polytope P
n). Observe that the resulting polytope
is flag again and has P n as its facet P n × {0} ⊂ P n+1 for each n ≥ r. Obviously,
the combinatorial type of P n for n > r, in general, depends not only on the original
polytope F r, but also from the choice of the truncated facet Fi(n) in P
n.
In the above construction we determined a new operation fc (“face cut”) on the set
of flag polytopes; one has: P n+1 = fc(P n) for all n ≥ r. Let us denote by Q = fck(P )
the polytope, obtained from P by consecutive application of k operations, described
in Construction 5.7; note that P = fc0(P ) and dimQ = dimP + k.
As an application of the construction described above, we immediately get the
following result.
Corollary 5.8. Let F r be a flag polytope and suppose that there exists a nontrivial
k-fold Massey product in H∗(ZF r). Then there exists a sequence of polytopes P =
{P n|n ≥ r} such that there exists a nontrivial k-fold Massey product in H∗(ZPn)
for all n ≥ r.
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Proof. The proof goes by applying Theorem 2.31 to a sequence of flag polytopes
P(F r) = {P n|n ≥ r}, defined in the Construction 5.7. 
Definition 5.9. A sequence of irreducible flag polytopes P = {P n} such that there
exists a nontrivial k-fold Massey product in H∗(ZPn) with k → ∞ as n → ∞
and, moreover, existence of a nontrivial k-fold Massey product in H∗(ZPn) implies
existence of a nontrivial k-fold Massey product in H∗(ZP l) for all l > n, we will call
a sequence of polytopes with strongly related Massey products.
Remark 5.10. Each geometric direct family of polytopes with nontrivial Massey
products is an example of a sequence of polytopes with strongly related Massey
products, cf. Definition 3.7 and Definition 3.9.
Definition 5.11. We say that two sequences of polytopes P1 = {P n1 } and P2 =
{P n2 } are combinatorially different, if for any N ≥ 0 there exists n > N such that
P n1 and P
n
2 are not combinatorially equivalent.
Proposition 5.12. There exists an infinite set S = {Pα|α ∈ I} of pairwisely com-
binatorially different sequences of polytopes with strongly related Massey products.
Proof. Observe that if P k, P l ∈ P(F ) (k < l) for a certain flag polytope F , then P k
is a proper face of P l and, moreover, fc(P k) = P k+1 is a face of P l ⊂ fc(P l). For
any sequence s ∈ {0, 1}∞, not stabilizing at zero, we can define a sequence of flag
polytopes Ps = {P ns |n ≥ 4} such that P ns = Qn, if sn = 1, and P ns = fcn−k(n)(Qk(n)),
if sn = 0. Here, k(n) = 1, if s1 = . . . = sn = 0, and k(n) = max {m|m < n, sm = 1},
otherwise. Then from Theorem 2.31 it follows that Ps is a sequence of polytopes with
strongly related Massey products. Furthermore, the sequence Ps is combinatorially
different with Ps′ , if |s − s′| is not stabilizing at zero, since m(fc(P )) = m(P ) + 3
for any polytope P and m(Qn) = n(n+3)
2
− 1. 
Another way to get different sequences of flag polytopes with nontrivial (higher)
Massey products in cohomology of their moment-angle manifolds is given in the next
statement.
Theorem 5.13. There exist infinitely many sequences Pk = {P nk }, k ≥ 1 of simple
flag irreducible polytopes such that:
(a) If P ∈ Pi and Q ∈ Pj for i 6= j, then P and Q are not combinatorially
equivalent;
(b) For any k ≥ 1 and r ≥ 2 there exists N = N(k, r) such that there exists a
strictly defined nontrivial l-fold Massey product in H∗(ZPnk ), for all 2 ≤ l ≤
r, n ≥ N .
Proof. Consider the following sequences of flag polytopes: Pk = {fck−1(Qn)|n ≥ 3},
k ≥ 1.
To prove (a) suppose that the converse is true; then the following identity for the
numbers of facets of combinatorially equivalent polytopes of the same dimension
holds:
m(fck(Ql)) = m(fcl(Qk)).
Since m(Qn) = n(n+3)
2
−1 for all n ≥ 2, and m(fc(P )) = m(P )+3, the above formula
implies (l− k)(l+ k− 3) = 0. For l = k both polytopes belong to the same sequence
Pl+1, and for l+ k = 3 one of the dimensions, l or k, will be greater than 3. In both
cases we get a contradiction with the definition of sequences Pk, which finishes the
proof of statement (a).
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Applying Construction 5.7, we obtain: Qn is a face of each polytope of dimension
greater or equal to n+k−1 in the sequence Pk. Then statement (b) (with N(k, r) =
r + k − 1) follow from Theorem 2.31 and Corollary 5.4. This finishes the proof. 
Now, we turn to studying the family of flag nestohedra PMas constructed above.
We shall prove that PMas is a linear geometric direct family of flag nestohedra with
nontrivial Massey products, which motivates its notation.
Lemma 5.14. For each P nMas ∈ PMas with n ≥ 2 there exists a strictly defined
nontrivial n-fold Massey product in H∗(ZPnMas).
Proof. Let us find a realization of the polytope P nMas ∈ PMas for n ≥ 2 as a 2-
truncated cube, by means of the iterated procedure of codimension two face trunca-
tions from In, described in [33]. In terms of the Definition 5.1, we identify Fi with
the set {1, . . . , i} for 1 ≤ i ≤ n and we identify Fi with the set {i − n + 1} for
n + 1 ≤ i ≤ 2n. Then we consecutively truncate the following faces of codimension
two from the cube In:
{1} unionsq {3}, {1, 2} unionsq {4}, . . . , {1, . . . , n− 1} unionsq {n+ 1}
· · ·
{1} unionsq {n}, {1, 2} unionsq {n+ 1}.
in the order opposite to inclusion. It is easy to see that the building set B = B(P, n)
can be represented as a union of the connected building set B0 of the cube I
n, the set
B1 of the above described subsets of [n+1], and the set of all subsets of [n+1], which
are the unions of nontrivially intersecting (that is, intersecting and not being subsets
of one another) elements from B: if S1, S2 ∈ B and S1∩S2 6= ∅, S1, S2, then we must
have: S1∪S2 ∈ B by definition of a building set. We get that S = S1unionsqS2 ∈ B(P, n)
with S1, S2 ∈ B0 if and only if S ∈ B1, and therefore, full subcomplexes: on the vertex
set [2n] in KQn = ∂Q
∗ (here Qn denotes the polytope from Theorem 5.2) and on
the vertex set {{i}, {1, 2, . . . , k}|1 ≤ i ≤ n+ 1, 2 ≤ k ≤ n} in KPnMas are isomorphic.
To finish the proof it suffices to apply Theorem 5.2 and Theorem 2.15. 
Remark 5.15. Observe that the polytopes Qn and P nMas are combinatorially dif-
ferent for all n ≥ 4, since f0(P nMas) = 3 × 2n−2 + n − 1 > f0(Qn) = n(n+3)2 − 1 for
n ≥ 4. Note also that for any n > 2 the polytope P nMas ∈ PMas is a flag nestohedron,
but not a graph-associahedron. The latter follows from Theorem 4.10, the fact that
P 3Mas = Q
3 is not a graph-associahedron (m(Q3) < m(As3)), and Lemma 3.18, since
each facet of a graph-associahedron is a product of graph-associahedra.
Definition 5.16. ([44]) Suppose B is a building set. The nerve complex KP = ∂P
∗
of the nestohedron P = PB is called a nested set complex and is denoted by NB.
The poset of elements of the nested set complex NB can be described in terms of
the structure of the building set B in the following way.
Proposition 5.17 ([31, Theorem 1.5.13]). The vertices of NB are in one-to-one
correspondence with nonmaximal elements of the building set B.
Furthermore, the set of vertices, corresponding to such elements: S = {Si1 , . . . , Sik},
is a simplex in NB if and only if:
(1) For any two elements Sip , Siq with 1 ≤ p, q ≤ k, one has: Sip ∩ Siq = ∅, or
= Sip, or = Siq ;
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(2) If elements of the subset {Sit1 , . . . , Sitl} ⊆ S, l ≥ 2 are pairwisely disjoint,
then Sit1 unionsq . . . unionsq Sitl /∈ B.
Lemma 5.18. Let P = PB be a nestohedron on a connected building set B on
[n + 1]. Then for any element S ∈ B a full subcomplex of a nested set complex NB
on the vertex set B|S is combinatorially equivalent to a nested set complex NB|S .
Proof. Due to Proposition 5.17, it suffices to observe that for pairwisely disjoint
subsets Sit1 , . . . , Sitl ∈ BS we have: Sit1 , . . . , Sitl ⊆ S and Sit1 unionsq . . . unionsq Sitl ⊆ S, and
so Sit1 unionsq . . . unionsq Sitl /∈ B holds if and only if Sit1 unionsq . . . unionsq Sitl /∈ B|S. 
Example 5.19. 1. If P = Pen, then for any S ∈ B(P ) one has: PB|S = Pe|S|−1
and NB|S is a full subcomplex in NB (both nested set complexes are barycentric
subdivisions of boundaries of simplices of corresponding dimensions). 2. If P = Asn,
then for any chain graph S on the vertex set [i], i ≤ n + 1 one has: PB|S = As|S|−1
and NB|S is a full subcomplex in NB = ∂(As
n)∗.
Remark 5.20. Note that Lemma 5.18 does not hold, when the restriction B|S is
replace by contraction (B/S)∩B. Indeed, consider B = B(P, 4), that is, a building
set for P 4 ∈ PMas, S1 = {2}, S2 = {4} and S = {1, 3}. Then S ∈ B, S1, S2 ∈
B/S, (B/S) ∩ B = {{2}, {4}} and S1 unionsq S2 /∈ B. However, S1 unionsq S2 ∈ B/S, since
S1 unionsq S2 unionsq S = {1, 2, 3, 4} ∈ B. We immediately get that the full subcomplex on
the vertex set (B/S) ∩ B in NB is a one-dimensional simplex (segment), but NB/S
consists of two points.
Consider a connected building set B on [n+ 1] and an element S ∈ B\[n+ 1]. By
Construction 2.19, we have an induced embedding of moment-angle manifolds φˆS :
ZPB|S → ZPB , and due to Lemma 5.18 and Construction 2.20, we have an induced
embedding of moment-angle-complexes jS∗ : ZNB|S → ZNB , having a retraction,
where we denoted NB = KPB and NB|S = K(PB|S ). Combinatorial properties of
nesohedra allow us to obtain the next result.
Proposition 5.21. Suppose PB is a nestohedron. Then the following diagram com-
mutes
ZPB|S
φˆS−−−→ ZPByh1 yh2
ZNB|S
jS∗−−−→ ZNB ,
where h1 and h2 are homeomorphisms. In particular, φˆS induces split epimorphism
in cohomology for any element S ∈ B\[n+ 1].
Proof. This follows directly from Lemma 5.18. 
Note that Proposition 5.21 implies that the induced embedding of moment-angle
manifolds φˆS has a retraction (and therefore, it induces split epimorphism of coho-
mology rings) for any nestohedron PB, not necessarily a flag one.
Let B be a building set and S ∈ B. Denote by PS the nestohedron on a restriction
of the building set PB|S .
Proposition 5.22. The following statements hold.
(1) If jS : NB|S ↪→ NB, then j∗S : H∗(ZPB) → H∗(ZPS) is a natural split
epimorphism of cohomology rings;
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(2) If 〈α1, . . . , αk〉 ∈ H∗(ZPS) is a defined Massey product, then there ex-
ist cohomology classes βt ∈ H∗(ZPB) for all 1 ≤ t ≤ k such that
j∗(βt) = αt, a Massey product 〈β1, . . . , βk〉 is defined, and j∗〈β1, . . . , βk〉 =
〈α1, . . . , αk〉. Furthermore, if 〈α1, . . . , αk〉 is nontrivial (resp. strictly de-
fined), then 〈β1, . . . , βk〉 is nontrivial (resp. strictly defined).
Proof. Statement (1) is a direct consequence of Proposition 5.21 and Corollary 2.18.
To prove statement (2) we firstly observe that NB|S is a full subcomplex in the
nested set complex NB by Lemma 5.18, and therefore, we can apply statement (1)
to the cohomology homomorphism j∗S, which is induced by embedding of building
sets B|S ⊂ B; the latter map also induces an embedding of simplicial complexes
jS : NB|S ↪→ NB. The proof is finished by applying Theorem 2.15. 
Using Proposition 5.22, we are able to get the following statement on a linear
family F of nestohedra, which provides us with a sufficient condition for F to be a
GDFP.
Proposition 5.23. Let F = {PB(n)|n ≥ 0} be a linear family of nestohedra on
connected building sets B(n) on [n + 1] for n ≥ 0. If for any n > 2 there exists an
element S(n) ∈ B(n) with |S(n)| = n such that PB|S(n) = PB(n−1), then the family
F is a geometric direct family of polytopes.
In particular, the following nestohedra families are GDFP: cubes I, permutohedra
Pe, stellahdra St, cyclohedra Cy, and associahedra As.
Proof. By Lemma 5.18, NB|S(n) is a full subcomplex in the nested set complex NB(n)
for each n > 2. On the other hand, a formula for the value of the boundary operator
d on the family F (cf. Lemma 3.18) shows that PB|S(n) = PB(n−1) is combinatorially
equivalent to a facet of PB(n). According to Proposition 5.22 (1), an embedding
jS(n) : NB|S(n) ↪→ NB(n) of a full subcomplex into a nested set complex induces
a split epimorphism in cohomology of their moment-angle-complexes. The proof
of the first part of the statement now finished by applying Proposition 5.21 and
induction on n. The rest follows from explicit formulae for the boundary operator
d action on the nestohedra families mentioned above, see [19], and the first part of
the statement. 
Example 5.24. Note that for an algebraic direct family of simplices ∆ a condition
from Proposition 5.23 does not hold, since for any n > 2 and each S ∈ B(n)\[n+ 1]
one has: PB|S is a point, and an arbitrary full subcomplex (KP )J is either KP , or a
simplex, for any P ∈ ∆.
Theorem 5.25. For P nMas ∈ PMas there exist a strictly defined nontrivial k-fold
Massey product 〈αn1 , . . . , αnk〉 in H∗(ZPnMas) for all 2 ≤ k ≤ n. Furthermore, for
each 2 ≤ r ≤ s there exists a natural embedding jsr : NB(P,r) ↪→ NB(P,s) such that
(jsr)
∗〈αs1, . . . , αsk〉 = 〈αr1, . . . , αrk〉 for all 2 ≤ k ≤ r.
Proof. Set B = B(P, n). By Theorem 4.10 for St = {1, 2, n+1, I}, where we denoted
I = {3, 4, . . . , t} and 2 ≤ t ≤ n− 1 (for t = 2 we set St = {1, 2, n+ 1} and I = ∅),
we obtain: PB|St = P
t
Mas ∈ PMas. Consider a natural embedding of building sets
B|St ⊂ B. Due to Lemma 5.18, the latter map induced an embedding of nested set
complexes jnt : NB|St ↪→ NB, that is, there exists a full subcomplex in NB(P,n) =
KPnMas isomorpic to NB(P,k) for all 2 ≤ k ≤ n−1. The proof finishes now by applying
Lemma 5.14 and Proposition 5.22. 
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Remark 5.26. An alternative way to prove the above theorem goes by applying [71,
Corollary 3.7] to the full subcomplex in the nested set complex NB(P,n) on the vertex
set {{i}, {1, 2, . . . , k}|1 ≤ i ≤ n+ 1, 2 ≤ k ≤ n} (cf. the proof of Lemma 5.14).
Theorem 5.27. The family PMas is a special geometric direct family with nontrivial
Massey products.
Proof. From Proposition 5.23 and Theorem 4.10 it follows that PMas is a geometric
direct family of polytopes. Then, using Lemma 5.14, we immediately deduce that
PMas satisfies the condition concerning the nontrivial Massey products from Defini-
tion 3.9. Finally, the family PMas is special due to Theorem 5.25, which finishes the
proof. 
Definition 5.28. We say that a space X has length l(X) ≥ k with respect to a given
spectral sequence for the path loop fibration ΩX → PX → X, if its differential dk
is nontrivial.
We are going to use the well known statements about the relation between Massey
operations in H∗(X) and the values of higher differentials in Eilenberg–Moore spec-
tral sequence for X, in order to get lower bounds for lEM(ZP ) for moment-angle
manifolds ZP of polytopes from special geometric direct families of polytopes with
nontrivial Massey products.
Theorem 5.29. Suppose F is a special GDFP, P ∈ Fn for n ≥ 2. Then all differ-
entials dr for r ≤ n− 1 in Eilenberg–Moore spectral sequence for the path loop fibra-
tion for the moment-angle manifold ZP are trivial and its Eilenberg–Moore length
lEM(ZP ) ≥ n− 1.
Proof. This follows from the well known result, see [72, Theorem 8.31], which states
that if there exists a defined Massey product 〈α1, . . . , αn〉 in H∗(X), then it belongs
to the kernel of cohomology suspension homomorphism Ω∗, since it equals (up to
sign) the boundary dn−1(α1, . . . , αn) of an element from the En−1 term of Eilenberg–
Moore spectral sequence (converging to H∗(ΩX)), corresponding to the element
[a1| . . . |an] ([ai] = αi) of the cobar complex. The existence of a strictly defined
nontrivial k-fold Massey product 〈α1, . . . , αk〉 in H∗(ZP ) for each 2 ≤ k ≤ n finishes
the proof. 
Proposition 5.30. The following statements hold.
(1) Let PB be a nestohedron on a connected building set B on the vertex set [n+1].
Then if PB|S for some element S ∈ B\[n+1] has a nontrivial strictly defined
Massey product of order k in cohomology of its moment-angle manifold, then
the same holds for the polytope PB;
(2) Let PB be a flag nestohedron on a connected building set B on the vertex
set [n + 1]. Then if PB/S for some element S ∈ B\[n + 1] has a nontrivial
strictly defined Massey product of order k in cohomology of its moment-angle
manifold, then the same holds for the polytope PB.
Proof. Statement (1) is a direct consequence of Proposition 5.22 (2). Statement
(2) follows from Theorem 2.31 and Theorem 2.15, since, due to Lemma 3.18, the
nestohedron PB/S is a face of the nestohedron PB. 
Corollary 5.31. Let P be one of the classical families of graph-associahedra: as-
sociahedra, permutohedra, cyclohedra, or stellahedra. Then P = {P n|n ≥ 0} is a
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sequence of flag nestohedra such that there exists a nontrivial strictly defined Massey
product of order k in H∗(ZPn), where n ≥ 2 for k = 2, 3. Furthermore, existence
of a nontrivial r-fold Massey product in H∗(ZPn) implies existence of a nontrivial
r-fold Massey product in H∗(ZP l) for each r ≥ 3 and l > n.
Proof. In [70, 71] it was proved that in cohomology of moment-angle manifolds over
As3, Pe3, Cy3, and St3 there exists a nontrivial strictly defined Massey product.
For any P n = PB ∈ P , n ≥ 4 there exists an element S ∈ B on 4 vertices such that
PB|S coincides with one of the 3-dimensional graph-associahedra, considered above:
As3, Pe3, Cy3, or St3. Thus, Proposition 5.30 implies our statement. 
Problem 5.32. Can a family P, considered in the previous statement, be a direct
family of polytopes with nontrivial Massey products?
Next, let us introduce the following notion.
Definition 5.33. A sequence of connected graphs
Γ = {Γn|n ≥ 0,Γn – graph on the vertex set [n+ 1] = {1, 2, . . . , n+ 1}}
will be called a direct family of graphs (DFG), if for any r and any n > r there exists
a subset of vertices S ⊂ [n + 1] such that the induced subgraph Γn|S is isomorphic
to Γr, and the data {Γn, knr } yields a direct family of graphs with respect to graph
embeddings knr : Γr ↪→ Γn, induced by embeddings S ⊂ [n + 1] (here, we identified
Γn|S with Γr).
Note that the sequences of graphs for the families of associahedra, stellahedra,
cyclohedra, and permutohedra are direct families of graphs. It follows from the
previous definitions that PΓ = {PΓn|n ≥ 0} is a geometric direct family of polytopes
whenever Γ is a direct family of graphs. Therefore, it is natural to state the following
problem.
Problem 5.34. Does there exist a family of graphs {Γn|n ≥ 0} such that there is
a defined nontrivial Massey product of order k in H∗(ZΓn) with k →∞ as n→∞?
Polytopes P nMas ∈ PMas are not graph-associahedra for any n ≥ 3. Therefore, one
can ask the next question which is a generalization of the previous problem.
Problem 5.35. Is there a DFG Γ such that PΓ is a geometric direct family of
polytopes with nontrivial Massey products?
We end this section with a generalization of Lemma 5.14.
Definition 5.36. Consider a family of flag nestohedra on connected building sets
that can be obtained from the polytopes of the PMas family by application of sub-
stitution of building sets operation. Let us denote the resulting nestohedra family
by FMas.
Remark 5.37. Note that the set FMas has finitely many elements (pairwisely com-
binatorially different) in each dimension, and therefore, it is indeed a family.
The notation from the previous definition is justified by the next statement.
Theorem 5.38. For any l ≥ 2, r ≥ 1 and any finite set of positive integers S =
{ni ≥ 2| 1 ≤ i ≤ r} there exists an element P (S) = PB(S) ∈ FMas and an l-connected
moment-angle manifold M(l, S) over a multiwedge of the polytope P (S) such that
there exists a strictly defined nontrivial n-fold Massey product in H∗(M(l, S)) for
all n ∈ S.
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Proof. Consider the case l = 2. By Lemma 5.14, for connected building sets B(i) =
B(P, ni), 1 ≤ i ≤ r with ni ∈ S we have: there exists a strictly defined nontrivial
Massey product of order ni in H
∗(ZPB(i)). Then we can define a connected building
set B1(S) = B(B(1), . . . , B(r)) as a result of a substitution of building sets (cf.
Construction 4.1), where B = B(P, r− 1). We get that PB1(S) is a flag nestohedron,
combinatorially equivalent to a product of nestohedra P r−1Mas × P n1Mas × . . . × P nrMas
(cf. [31, Lemma 1.5.20]) and, moreover, PB1(S) ∈ F with M(2, S) = ZPB1(S) (note
that every moment-angle manifold is 2-connected).
Now, suppose l ≥ 3. Following [71, Definition 3.5], let us denote by P (n, s) =
P nMas(Jn,s) the corresponding multiwedge, see Construction 2.4. Then for s = [
l+1
2
]
the nerve complex of the polytope P (n, s) is [ l+1
2
]-connected, and therefore, a gen-
eralized moment-angle manifold M(l, n) = ZJn,sPnMas ∼= ZP (n,s) is l-connected (see [30,
Proposition 7.34.2]). Due to [71, Theorem 3.6], there exists a strictly defined non-
trivial n-fold Massey product in H∗(M(l, n)).
Consider a product of the above defined building sets in the ring of building sets,
cf. [31, §1.7]
B2(S) = B(1) · . . . ·B(r),
and an ordered set of positive integers:
J(l, S) = (Jn1,s, . . . , Jnr,s).
Then set
M(l, S) = ZJ(l,S)PB2(S) ∼=
r∏
i=1
ZP (ni,s).
The latter generalized moment-angle manifold is l-connected as a product of l-
conncted manifolds and has strictly defined nontrivial Massey product of order n in
H∗(M(l, S)) for all n ∈ S.
Finally, we have: B1(S) ∈ FMas for all nonempty finite sets of subsets S from N
with elements greater than one. Applying [31, Proposition 1.5.23], we can construct
a connected building set B(S), which is a result of iterated application of a substi-
tution of building sets operation to polytopes from the PMas family, thus PB2(S) is
combinatorially equivalent to PB(S), which finishes the proof. 
6. Lusternik–Schnirelmann category and Milnor spectral sequence
In this section, following [16, §5], we give an exposition of the theory of Milnor
spectral sequence and prove the main theorem on the structure of the E1 and E2
terms structure, as well as strong convergence of this spectral sequence. For conve-
nience of the further discussion, we start with the well known Milnor’s results on
the theory of fiber bundles [79]. For more details on the constructions we introduce
below and the proofs of the structure theorems about Milnor filtration and spectral
sequence, we refer the reader to the work of Buchstaber [16], and the papers by
Milnor [79], Dold and Lashof [42].
We denote by W the category of pointed cellular spaces, whose n-dimensional
skeleta are finite complexes. Recall that a∞-universal bundle is a principal fibration
with a total space having trivial homotopy groups.
Theorem 6.1. For any X ∈ W there exists a topological group GX ∈ W with
cellular multiplication and such that X is a base space of a∞-universal GX-fibration
pX : EX → X.
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Any continuous mapping f : X → Y is associated to a group homomorphism
f˜ : GX → GY .
Remark 6.2. It can be shown that the group GX is homotopy equivalent to the
loop space ΩX.
Theorem 6.3. Any principal bundle E → X with a structure group G is induced by
a ∞-universal bundle EX → X with a group GX by means of a certain continuous
homomorphism h : GX → G.
Starting with the group GX one can construct a∞-universal GX-bundle E˜X → X˜,
see [79], such that E˜X and X˜ are both cellular spaces and X˜ is homotopy equivalent
to the space X. In the space X˜ there exists a canonical filtration such that any
continuous mapping f : X → Y is associated to a mapping f¯ : X˜ → Y˜ , consistent
with the filtrations.
This allows one to define a functorial spectral sequence on the category W , the
so called Milnor spectral sequence.
Now, we give a construction of a ∞-universal bundle E˜X → X˜, following Dold
and Lashof [42]. A small change that we make in their construction allows us to give
a simple proof of multiplicativity of Milnor spectral sequence.
A universal bundle E˜X → X˜ is defined to be a direct limit of a sequence of
principal GX-bundles {pn : En → Xn}∞n≥0, E˜X = lim−→ En, X˜ = lim−→ Xn.
The bundles pn : En → Xn are constructed consecutively. For n = 0 we set E0 =
GX , X0 = ∗ is a point. In E0 we can take e as a based point, that is, the unit of the
group GX . Suppose, a principal bundle pn−1 : En−1 → Xn−1 is already constructed.
Let us denote by µn−1 : En−1 × GX → En−1 the structure group GX action on the
total space En−1 of the principal bundle. By inductive assumption, we may suppose
that µn−1 is a cellular map. Consider the diagram
En−1
µn−1←−−− En−1 ×GX −−−→ CEn−1 ×GXypn−1 yq yq
Xn−1
pn−1←−−− En−1 −−−→ CEn−1,
where CEn−1 is a based cone over En−1 and q is a natural projection map. Gluing
the space CEn−1 × GX to En−1 by the map µn−1 and gluing the space CEn−1 to
Xn−1 by the map pn−1, we obtain the spaces En and Bn, respectively, alongside with
a projection map pn : En → Bn. The space En is the space of triples of the type
(y, t, g), where y ∈ En−1, t ∈ [0, 1], g ∈ GX , in which the following identifications
are made:
(y1, 0, g) ∼ (y2, 0, g); (y, 1, g) ∼ (yg, 1, e); (∗, t1, g) ∼ (∗, t2, g)
for all y, y1, y2 ∈ En−1, g ∈ GX , and t1, t2 ∈ [0, 1], where we denote yg = µn−1(y, g).
For the base point of the space En we can take the point, which appears after
identifying all the points of the type (∗, t, e). The action µn : En ×GX → En of the
group GX on such a represented space En can be described by formula
µn(y, g) = µn((y1, t, g1), g) = (y1, t, g1g).
It is easy to check that pn : En → Bn is a principal GX-bundle.
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In this way one can construct a direct sequence of principal GX-bundles
E0
i0−−−→ E1 i1−−−→ · · · −−−→ En −−−→ · · ·y y y y y
X0
i¯0−−−→ X1 i¯1−−−→ · · · −−−→ Xn −−−→ · · · ,
where the mapping ik : Ek → Ek+1 can be described by formula ik(y) = (y, 1, e).
The mappings ik commute with the GX-action, thus, turning to direct limits, we get
a principal GX-bundle lim−→ En → lim−→ Xn. (At this point it is essential that for each
n the action µn : En×GX → En is cellular, cf. [79]). Set E˜X = lim En, X˜ = lim Xn.
The mapping ik : Ek → Ek+1 can be extended to a mapping of the reduced cone
Jk : CEk → Ek+1, Jk(y, t) = (y, t, e), that is, the subspace ik(Ek) is contracting
by Ek+1 to a point, and therefore, the space E˜ is aspherical. Thus, the fibration
E˜X → X˜ is a ∞-universal bundle for the group GX .
Definition 6.4. Milnor filtration of a space X ∈ W is the above constructed filtra-
tion {Xn} in the space X˜, which is homotopy equivalent to the space X.
Let us list the main properties of the Milnor filtration that follow directly from
its construction; all homeomorpisms (notation: =) and homotopy equivalences (no-
tation: ') below are functorial with respect to the maps, induced by continuous
mappings f : X → Y (here, SX denotes a reduced suspension over X):
(a) X1 = SGX ;
(b) En/En−1 = (CEn−1 ×GX)/(En−1 ×GX), Xn/Xn−1 = SEn−1;
(c) En ' GX ∧ SEn−1 ' GX ∧ SGX ∧ . . . ∧ SGX︸ ︷︷ ︸
n times
;
(d) Xn+1/Xn ' SGX ∧ . . . ∧ SGX︸ ︷︷ ︸
n+1 times
.
Theorem 6.5. For any space X ∈ W there exist the mappings ϕ : E˜X → E˜X × E˜X
and ϕ¯ : X˜ → X˜ × X˜ such that:
(1) The mappings ϕ and ϕ¯, alongside with the diagonal homomorphism GX →
GX × GX , yield a map of a principal GX-bundle (E˜X , p, X˜) to a principal
GX ×GX-bundle (E˜X × E˜X , p× p, X˜ × X˜);
(2) The mapping ϕ¯ is homotopy equivalent to the diagonal map X˜ → X˜ × X˜;
(3) The mappings ϕ and ϕ¯ are functorial with respect to the maps f : X → Y ;
(4) ϕ(Es) ⊂ ∪s′+s′′=sEs′ × Es′′ ; ϕ(Xs) ⊂ ∪s′+s′′=sXs′ ×Xs′′ .
Proof. Denote by fi(τ), i = 1, 2 the continuous maps, given by the following formulae
f1(τ) =
{
0, if 0 ≤ τ ≤ 1
2
;
2τ − 1, if 1
2
≤ τ ≤ 1,
f2(τ) =
{
2τ, if 0 ≤ τ ≤ 1
2
;
1, if 1
2
≤ τ ≤ 1.
Let us define a mapping εi : E˜X → E˜X for i = 1, 2 in the following way. On
the subspace E0 = GX ⊂ E˜X the mapping εi is identical; for any point of
the type (y, t, g) ∈ Es ⊂ E˜X , where y ∈ Es−1, t ∈ [0, 1], g ∈ GX , we set
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εi(y, t, g) = (εi(y), fi(t), g). The mapping εi is then defined correctly, it is continu-
ous and equivariant with respect to the group GX action. Therefore, it determines
a continuous mapping ε¯i : X˜ → X˜. Set
ϕ(x) = (ε1(x), ε2(x)), ϕ¯(x) = (ε¯1(x), ε¯2(x)).
The statements (1)-(3) follow directly from the construction of the mappings ϕ and
ϕ¯.
Let us show that ϕ(Es) ⊂ ∪s′+s′′=sEs′ × Es′′ , that is, for any point x ∈ Es
there exist nonnegative integers s
′
and s
′′
such that s
′
+s
′′
= s and that ε1(x) ∈ Es′ ,
ε2(x) ∈ Es′′ . For s = 0 this is obvious. Suppose that we already proved this statement
for certain s = s0. Let x ∈ E1 be an arbitrary point. Then x = (y, t, g), where
y ∈ Es0 , and therefore, ε1(y) ∈ Es′0 and ε2(y) ∈ Es′′0 , where s
′
0 + s
′′
0 = s0.
We have ε1(x) = (ε1(y), f1(t), g) and ε2(x) = (ε2(y), f2(t), g). For any t ∈ [0, 1]
one has: either f1(t) = 0, or f2(t) = 1. In the latter case we get ε1(x) ∈ Es′0+1 and
ε2(x) = (ε2(y), 1, g) = (ε2(y)g, 1, e) ∈ Es′′0 +1, and the statement is proved. In the
former case we get ε2(x) ∈ Es′′0 +1 and ε1(x) = (ε1(y), 0, g) = (∗, 0, g) = (∗, 1, g) =
(∗g, 1, e) ∈ E0 ⊂ Es′0 , and the statement is proved.
Since the mapping ϕ is equivariant, we obtain ϕ¯(Xs) ⊂ ∪s′+s′′=sXs′ ×Xs′′ , which
finishes the proof of the theorem. 
Note that the proof of statement (4) of Theorem 6.5 is the only place where we
needed the identification (∗, t1, g) ∼ (∗, t2, g) in the space Es, which is missed in the
original construction of Dold and Lashof [42].
Let p : E
F−−−→ X be any locally trivial fibration. Milnor filtration {Xn} in the
space X determines a filtration {Yn} in the space E, where Yn = p−1(Xn). It follows
from property (c) of Milnor filtration that Yn/Yn−1 = ((Xn/Xn−1)× F )/F .
Definition 6.6. We call a Milnor spectral sequence for the fibration p : E
F−−−→ X
a spectral sequence of the filtration {Yn = p−1(Xn)}∞n≥0, where {Xn} is a Milnor
filtration of the space X.
Applying Theorem 6.5, we get the next theorem (see [41, §15]) in a standard way.
Theorem 6.7. For any multiplicative cohomology theory h∗ the Milnor spectral
sequence for a locally trivial fibration p : E
F−−−→ X is multiplicative, that is, its
terms Er are graded skew-commutative rings, differentials dr are derivations. Fur-
thermore, if the spectral sequence strongly converges, then multiplication in the E∞
term is induced by multiplication in the ring h∗(E).
It was shown in [30, Example 7.43] that the polyhedral product operation, applied
to a direct sequence of simplicial complexes, allows one to obtain a construction of
a filtration in the universal principal G-bundle EG→ BG, where G is a topological
group, which generalizes the Milnor flitration construction that we introduced above.
The latter one arises from a sequence of simplices. We give this construction below.
Construction 6.8. Suppose we have a direct sequence of simplicial complexes
K0 ⊂ K1 ⊂ . . . ⊂ Kn ⊂ . . .
in which a complex Kn is n-neighbourly. Then the direct limit of the filtration of
the corresponding polyhedral products M = lim−→ (cone(G), G)
Kn is n-connected for
all n, and therefore, is a contractible cellular space, on which the topological group
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G as acting freely. Therefore, we get a filtration in the universal principal G-bundle
EG→ BG:
(cone(G), G)∆
0 −−−→ (cone(G), G)∆1 −−−→ . . . −−−→ (cone(G), G)∆ny y y y
(cone(G), G)∆
0
/G −−−→ (cone(G), G)∆1/G −−−→ . . . −−−→ (cone(G), G)∆n/G,
For the geometric direct families of polytopes P = {P n |n ≥ 0}, which we studied
earlier in this work, we also obtain a direct sequence of their moment-angle manifolds
∗ ⊂ S3 → . . .→ ZPn → ZPn+1 → . . .
with a free action of the diagonal circle G = S1, when n > 0. Note that all the
manifolds ZPn as well as their direct limit M = lim−→ZPn are 2-connected. Observe
that H3(M ;Z) 6= 0, and, in particular, the space M is not contractible. We are
going to study the topology of the quotient spaces ZPn+1/ZPn and the topology of
the space M in our subsequent publications.
Now, we turn to a more detailed study of the Milnor spectral sequence. For our
purposes it is sufficient to assume in what follows that h∗ is a multiplicative coho-
mology theory with coefficient ring k = h∗(∗) being a module over a field.
Our results are valid also in the case when the considered spaces from the cat-
egory W do not have torsion in ordinary cohomology, since in the latter case the
cohomology ring of such a space is a free module over the coefficient ring k.
For the cohomology theory and the spaces to which we restrict ourselves here, the
multiplication homomorphism
µ : h˜∗(X)⊗ˆkh˜∗(Y )→ h˜∗(X ∧ Y )
is an isomorphism. Here, for infitely dimensional cellular spaces X = ∪∞n=0Xn and
Y = ∪∞m=0 Y m ∈ W , by definition, we set: h˜∗(X) = lim←−
n
h˜∗(Xn) and h˜∗(X ∧ Y ) =
lim←−
n,m
h˜∗(Xn ∧ Y m). Note that in the adjunctioned tensor product ⊗ˆ, unlike the case
of the ordinary tensor product ⊗, the infinite series are involved.
In the applications of Milnor spectral sequence one can take as h∗ the classical
cohomology theorie, or K-theory, or complex cobordism.
In Theorem 6.9 for cohomology theory h∗ we describe the terms E1 and E2.
We also prove strong convergence of Milnor spectral sequence of a locally trivial
fibration.
Consider a locally trivial fibration p : E
F−−−→ X, associated to the universal
bundle pX : EX
GX−−−→ X˜ by means of a certain action µ : GX×F → F of the group
GX on the fiber F . Since, as we noted above, for our cohomology theory h˜
∗ and our
spaces X, Y ∈ W the multiplication homomorphism
µ : h˜∗(X)⊗ˆkh˜∗(Y )→ h˜∗(X ∧ Y )
is an isomorphism, it can be shown that the ring h∗(GX) is a graded commutative
Hopf algebra over k, and the ring h∗(F ) is a graded comodule over the Hopf algebra
h∗(GX). Let us set h∗(GX) = A and h∗(F ) = M . Denote by ∆: A → A⊗ˆA the
comultiplication in the algebra A, and denote by ∆
′
: M → M⊗ˆA the coaction in
the comodule M . Then the group M⊗ˆM is a comodule over the Hopf algebra A⊗ˆA.
In our case the multiplication homomorpism ϕ : M⊗ˆM → M in the ring M is a
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homomorphism of a A⊗ˆA-comodule in a A-comodule, and therefore, it induces a
homomorphism
ϕ∗ : CotorA(M, k)⊗ˆCotorA(M, k)→ CotorA(M, k),
and thus the homology group CotorA(M, k) of the comodule M over A is, in fact, a
ring. (For the theory of the functor Cotor we refer the reader to [43]).
Theorem 6.9. Milnor spectral sequence for a locally trivial fibration p : E
F−−−→ X
has the following properties:
(1) The term E1 =
∑
Es,t1 can be described by formula
Es,t1 = M⊗ˆ A¯⊗ˆ · · · ⊗ˆA¯︸ ︷︷ ︸
s times
,
where A¯ is a kernel of the natural augmentation A→ k;
(2) The product of elements b0⊗ a1⊗ . . .⊗ as ∈ Es1 and b′0⊗ a′1⊗ . . .⊗ a′s′ ∈ Es
′
1
is equal to
(−1)s·deg b′0b0 · b′0 ⊗ a1 ⊗ . . .⊗ as ⊗ a
′
1 ⊗ . . .⊗ a
′
s′ ∈ Es+s
′
1 ;
(3) Differential ds1 is given by
ds1(b0 ⊗ a1 ⊗ . . .⊗ as) = ∆¯
′
b0 ⊗ a1 ⊗ . . .⊗ as +
s∑
i=1
b0 ⊗ a1 ⊗ . . .⊗ ∆˜ai ⊗ . . .⊗ as,
where ∆¯
′
(b0) = ∆
′
b0 − b0 ⊗ 1, ∆˜ai = ∆ ai − ai ⊗ 1− 1⊗ ai;
(4) The ring E∗,∗2 is naturally isomorphic to the ring CotorA(M, k), where A =
h∗(GX ; k) and M = h∗(F ; k);
(5) The spectral sequence is strongly convergent, and therefore, multiplication in
the term E∗,∗∞ is induced by multiplication in the ring h
∗(E; k).
Proof. Statement (1) of the theorem follows directly from properties (b) and (c)
of Milnor filtration in the base space X and the fact that p−1(Xn)/p−1(Xn−1) =
((Xn/Xn−1)×F )/F . Statement (2) follows from the explicit formula for the mapping
ϕ¯, Theorem 6.5, and the definition of multiplication in the ring E∗,∗1 . The term E
s,∗
1 is
multiplicatively generated by elements of the group h∗(F ) = E0,∗1 and 1⊗ h˜∗(GX) ⊂
h∗(F )⊗ˆh˜∗(GX) = E1,∗1 . Since the differential ds1 satisfies the “Leibniz rule”, it suffices
to check the formula from statement (3) on the generators. For the generators it is
a formal consequence of the definition of the differential d1. The term (E
s,∗
1 , d
s
1)
alongside with multiplication are precisely the standard cobar construction of the
comodule M over the coalgebra A, and therefore, statement (4) is a well known
algebraic fact about coincidence of the two multiplications in the ring CotorA(M, k),
where the first multiplication is defined via the cobar construction, and the second
one is defined via the homomorphism of comodules ϕ : M⊗ˆM →M , cf. [1, §2.2].
Finally, statement (5) follows from the following general result on strong conver-
gence of a spectral sequence. Suppose X ∈ W and {Xn}∞n=0 is a filtration in the
space X = lim−→ Xn. A spectral sequence {E
s,t
r , d
s,t
r } of the filtration {Xn} strongly
converges in the cohomology theory h∗. This finishes the proof. 
Our next goal is to obtain a result about vanishing of certain differentials in Milnor
spectral sequence for moment-angle manifolds. To do this, we shall use a classical
notion of Lusternik–Schnirelmann category of a topological space. For more details
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on Lusternik–Schnirelmann category we refer, for example, to the monograph [37],
which is dedicated to it.
We are going to compute this important homotopy invariant for moment-angle
manifolds over 2-truncated cubes from the Q family, cf. Definition 5.1, and then link
this result with degeneration of Milnor spectral sequences for those moment-angle
manifolds.
Definition 6.10. A covering of a topological space X is called categorical , if each
element of the covering is a set, which is open and contractible in X, that is, the
embedding of such a set into X is homotopy trivial.
Lusternik–Schnirelmann category (or, simply, a category) cat(X) of a space X is
the least integer k such that X has a categorical covering, which consists of exactly
k + 1 sets.
Below we list the basic properties of the category.
• cat(X) = 0 ⇐⇒ X is contractible;
• cat(X) ≤ 1 ⇐⇒ X is a co-H-space;
• A smooth closed manifold M having cat(M) = 1 is homeomorphic to a
sphere;
• cup(X) ≤ cat(X), where cohomology length cup(X) of a space X is defined to
be the maximal number of positive degree elements from H∗(X;Q), having
a nonzero product.
We recall that, cf. Definition 5.28, a topological space X has length l(X) ≥ k with
respect to a given spectral sequence for the path loop fibration ΩX → PX → X, if
differential dk is nontrivial.
Theorem 6.11. Consider the n-dimensional 2-truncated cube Q ∈ Qn for n ≥
2. Then cup(ZQ) = cat(ZQ) = n. Milnor spectral sequence for the moment-angle
manifold ZQ degenerates in the En+1 term and lM(ZQ) ≤ n.
Proof. Due to the properties of the category, listed above, to prove the first part of
the statement it suffices to show that the first and the last of the inequalities below
hold:
n ≤ cup(ZQ) ≤ cat(ZQ) ≤ n.
To prove the left inequality, let us consider the following cohomology classes from
H∗(ZQ) (here, we use the notation from Definition 5.1):
α1 = [v1un+1], α2 = [v2un+2un+3 · · ·u2nu1,n+2],
αk = [vkuk−1,n+kuk−2,n+k · · ·u1,n+k], 3 ≤ k ≤ n− 1,
αn = [vnun−1,2nun−2,2n · · ·u2,2n],
where (see Theorem 2.15) dui,j = vi,j in the differential graded algebra R
∗(Q).
Observe that, by Theorem 2.15, the product α1α2 · · ·αn is equal (up to sign) the
generator of the top degree cohomology group Hm(n)+n(ZQ). Since Hm(n)+n(ZQ) ∼=
Z, the desired inequality follows.
The right inequality above holds, since cat(ZK) ≤ n for any simplicial complex
K of dimension n− 1 due to [10, Lemma 3.3]. Thus, cup(ZQ) = cat(ZQ) = n for all
n ≥ 2, which finishes the proof of the first part of the statement.
Due to the result of Ginsburg [46] (for modification of one of the steps of the proof
see the work of Ganea [45]), all differentials dr for r > n in Milnor spectral sequence,
cf. Theorem 6.9, are trivial for spaces of category n. The theorem is proved. 
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7. Discussion
There is a categorical notion of a bracket. It is defined in any category, where
for every two objects there is an object called their product, for every single object
there is an object called its boundary, and for every triple A, B, C of objects with
morphisms C → A and C → B there exists an object D called a union of A and B
along C.
In cohomology theory, we obtain the notion of a triple Massey product and in
homotopy groups of spheres we get a triple Toda bracket [92]. In cobordism theory,
there exists a geometric operation, which gives a closed manifold M if given three
closed manifolds, M1,M2,M3, two manifolds W1 and W2 with boundaries such that
∂W1 = M1 ×M2, ∂W2 = M2 ×M3 and a fixed homeomorphism ∂W1 ∼= ∂W2. The
resulting closed manifold M is a union of W1×M3 and M1×W2 along their common
boundary.
Problem 7.1. Find a construction of a higher order bracket in general categorical
terms due to Eilenberg and Mac Lane.
One of the first applications of Massey products was made in the paper of Massey
and Uehara [74] (1957) and consisted in the proof of Jacobi identity for White-
head products in pi∗(X). This appeared to be one of the manifestations of the fa-
mous Eckmann–Hilton duality between homotopy and cohomology, be which a triple
Massey product is associated to a (triple) Toda bracket, see [92]. The higher Massey
products, introduced shortly in the work of Massey [75], by this duality are associ-
ated to the (higher) Toda brackets, introduced by Cohen in his note [36], in which
it was stated that elements of stable homotopy groups of spheres are generated by
(higher) Toda brackets of Hopf classes.
In the literature, see, for example [72, 4], the following statements can be found,
for which, however, no rigorous proof has ever been provided:
(1) Higher differentials in Eilenberg–Moore spectral sequence for the path loop
fibration ΩX → PX → X of a connected and simply connected space X
are described by (matric) Massey products. An accurate statement, which
illustrates this thesis, is our Theorem 5.29;
(2) The kernel of the cohomology suspension homomorphism Ω∗ : H∗(X) →
H∗−1(ΩX) is generated by matric (alongside with the ordinary) Massey prod-
ucts.
Both of these statements and the definition of the matric Massey product were
first announced in the note by May [76].
In this paper we constructed a direct sequence of moment-angle manifolds
{ZPn}, which determines nontrivial strictly defined Massey products in the ring
lim←−H
∗(ZPn), see Section 5. In relation with this, we want to mention here the in-
verse sequence
M0 ←M1 ← . . .←Mn ←Mn+1 ← . . .
of nilmanifolds, where piq : Mn+1 →Mn is a principal S1-bundle, see [18].
In the beginning of 1970s the first author formulated a conjecture (based on the
results of the works [17, 49, 50, 24]), that each element of the ring lim−→H
∗(Mn;Q)
can be realized as a nontrivial Massey product of the generators of the group
H1(lim←−Mn;Q) = Q ⊕ Q. A partial answer to that conjecture was given in the
work of Artelnykh [3], and the full solution was given in the work of [78].
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Finally, let us return back to the problem of relation between homotopy invariants
of Lusternik–Schnirelmann type and the differentials in Milnor spectral sequence.
There is a significant number of publications about Lusternik–Schnirelmann cat-
egory and its generalizations. In algebraic topology there is a well known notion of
the genus of a space, introduced by Schwartz [89], and its applications.
By the use of homological algebra methods, Halperin and Lemaire [58] introduced
a new homotopy invariant, Mcat(X). This invariant was defined in terms of the
notion of a free tensor model (T (V ), d), introduced by the same authors, which
is quasiisomorphic to the singular cochain complex (C∗(X; k), d) with coefficients
in a field k. It was shown in [58] that cup(X) ≤ Mcat(X) ≤ cat(X) holds for
any connected and simply connected space X. In [58] one can find the following
example: let X = Sp(2) be the symplectic group, then cup(X) = Mcat(X) = 2, but
cat(X) = 3.
Ginsburg–Ganea theorem, which was used in the previous section, follows from a
stronger result, which was obtained in the work of Jessup [64]. A theorem of Jessup
states that if Mcat(X) = n, where X has a homotopy type of a simply connected
cellular space of a finite k-type, then Milnor spectral sequence for the space X
degenerates in the En+1 term.
Applying [58, Proposition 1.6] that links Milnor filtration for X to degree filtration
in the free tensor model {(T≥k(X), d)}, Jessup proved that for degeneration of Milnor
spectral sequence in En+1 the following condition is sufficient: for any nonnegative k,
if a ∈ T (V ) is such that d(a) ∈ T≥n+k(V ), then there exists an element a˜ ∈ T≥k(V )
with d(a−a˜) = 0. Jessup gives an explicit algorithm of how to find such an element a˜
for the given element a, using the existence of a certain morphism of tensor models,
which is equivalent (due to definition of Mcat(·)) to the condition Mcat(X) = n,
cf. [58].
Since cup(X) ≤ Mcat(X) ≤ cat(X), it follows immediately from Theorem 6.11
that cup(ZP ) = Mcat(ZP ) = cat(ZP ) = n, where P = Qn ∈ Qn is the n-
dimensional 2-truncated cube from the special geometric direct familyQ of polytopes
with nontrivial Massey products. Thus, we immediately obtain the upper bound for
the Milnor length lM(ZP ) ≤ n (Theorem 6.11).
On the other hand, due to Theorem 5.2, there exist strictly defined nontrivial
Massey products of all the orders from 2 to n in H∗(ZP ). We call a Massey length
Mas(X) of a space X the maximal number k, for which there exists a nontrivial
k-fold Massey product in H∗(X;Q). We assume, as before, that a 2-fold Massey
product coincides with the usual product in cohomology of a space, up to sign.
Therefore, following the above definition, we get Mas(X) = cup(X) for spaces with
trivial triple and higher Massey products. Our results on lengths of manifolds ZP
with respect to Eilenberg–Moore and Milnor spectral sequences naturally lead us to
the next question.
Problem 7.2. Let X be a moment-angle manifold. Is it true that Mas(X) ≥
cat(X)?
In general, from the inequality Mas(X) ≥ cat(X) the chain of inequalities follows:
lEM(X) + 1 ≥Mas(X) ≥ cat(X) ≥Mcat(X) ≥ lM(X).
Observe that for connected and simply connected CW-complexes of finite type over
Q, which are not moment-angle manifolds, the inequality from Problem 7.2 may not
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hold. Indeed, in the work by Iriye and Yano [63] a simplicial complex K was con-
structed such that Q[K] is a Golod ring, but ZK is not a co-H-space, and therefore,
cat(ZK) > Mas(ZK) = 1. The above inequalities also do not hold for the manifold
Sp(2), see the discussion above.
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